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Abstract. In this paper we obtain local in time existence and (suitable) uniqueness 
and continuous dependence for the KP-I equation for small data in the intersection of 
the energy space and a natural weighted space. 



1. Introduction 
We consider the KP initial value problem (IVP) 

. ^ { dtu + dlu + id~^dlu + Pd^i^u") = 0, 

where u = u{t,x,y) is a scalar unknown function, f3 ^ and 7 7^ are real constant. If 
7 < the IVP is called KP-I and if 7 > it takes the name KP-II. These equations 
model J2] the propagation along the x-axis of nonlinear dispersive long waves on the 
surface of a fluid with a slow variation along the y-axis. They also arise as universal 
models in wave propagation and may be considered as two dimensional generalizations of 
the Korteweg-de Vries equation. 

The first result regarding well-posedness for a KP type equation is due to Ukai [221 • He 
uses a standard energy method that does not recognize the type I or II of the equation. His 
result provides local well-posedness for initial data and their antiderivatives in H^, s > 3. 
Faminskii |6j observed a better smoothing effect in the KP-II evolution and used this to 
prove well-posedness results. Bourgain performed a Fourier analysis [3] of the term dx{u'^) 
in the KP-II equation in which the derivative is recovered in a nonlinear way. The result 
obtained gave local well-posedness of KP-II for initial data in . Since the norm is 
conserved during the KP-II evolution, the local result may be iterated to prove global 
well-posedness. Takaoka [2^1 and Takaoka and Tzvetkov [2Z] improved Bourgain's result 

by proving local well-posedness in an anisotropic Sobolev space^ Hx,y~^^'^ . For the KP-I 
equation the situation is more delicate. There are several results on local and global 
existence of solutions, but not a satisfactory well-posedness theory for data with no more 
than two derivatives in L^. Fokas and Sung |7j, and Zhou jSO]; obtained global existence 
for small data via inverse scattering techniques. Schwarz [23] proved existence of weak 
global periodic solutions with small data. The smallness condition was subsequently 
removed |3]. Tom j2Hl proved existence of global weak solutions for initial data in 
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together with their antiderivative. For well-posedness results, we recall the work of Saut 
[23j . Isaza, Mejia and Stallbohom [lOj and finally the work of lorio and Nunes [0]. The last 
two authors use the quasi linear theory of Kato, together with parabolic regularization, 
to prove local well-posedness with data and their antiderivatives in if**, s > 2. The 
limitation s > 2 is needed in order to insure that dxU e L°°, an essential assumption for 
the proof. Molinet, Saut and Tzvetkov also proved that if one is willing to assume 
more regularity for the initial data (at least three derivatives in the x variable and two in 
the y variable need to be in L^), then global well-posedness holds. Recently we 5J were 
able to obtain well-posedness for small data in a weighted Sobolev space with essentially 
regularity, we will return to this result later. 
We recall a few known facts associated with the KP equations. If one defines the Fourier 
transform for a function f{x,y) as 



then it is easy to see that the dispersive function associated to this equation is 
(1.2) ^(e,^) = ^'-7y- 

The analysis of the KP initial value problem depends crucially on the sign of 7. We 
describe three differences due to the choice of sign: the strength of the smoothing effect, 
the bilinear dispersive identity and (non)positivity of the top order terms in the energy. 

A first example of the relevance of the sign of 7 comes from the following observation. 
If we compute the gradient of tu, we have that for KP-I (7 = —1, for example) 

(1-3) |Va;(e,/i)| = |(3e^-|^,2|)|>|e|, 

and for KP-II (7 = 1, for example) 

(1-4) |vc.(e,/i)i = i(3e^ + ^,-2|)i>ier. 

Then, following the argument of Kenig, Ponce and Vega in ^3] , we can claim that thanks 
to (|1.4p KP-II recovers a full derivative smoothness along the x direction, while by (jl.3|) 
KP-I recovers only ^ derivative smoothness along that same direction. Because the nonlin- 
ear term in (jl.ip presents a derivative along the x direction, this explains, at least formally, 
why well-posedness questions for the KP-I IVP are much more difficult to answer than 
for the KP-II problem. 

The "sign problem" illustrated above appears also if one approaches well-posedness 
questions using the method presented by Bourgain in [3]. This method is based on the 
strength of various denominators which are controlled using the bilinear dispersive identity 

^^(^1 + 6, Ail + ^^2) - t^(^i, yUi) - ^^(6, At2) 
Clearly if 7 < ( KP-I) this quantity could be zero, while if 7 > (KP-II) 

1^(6 + 6, /ii + /i2) - ^(6, /ii) - ^(6, /i2) I > C\ii 1 161 lei + 61- 
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This is enough to control the derivative in the nonhnear term and to obtain well-posedness 
results for very rough data (see also Takaoka Takaoka-Tzvetkov |?7j). 
The IVP (jl.lj) has two conserved integrals, the L^-norm and the Hamiltonian: 

(1-6) = ||mo||l2 

(1.7) H{u) = [ {{d,uf~-f{d-'dyuY-^u^)dxdy = H{uo). 

This time, for KP-I, the sign is favorable. In fact one can prove ^ that a combination of 
fll.6|) with p.7|) when 7 = — 1, gives 

(1.8) \\u{t)\\L2 + \\d^u{t)\\L2 + \\d^^dyu{t)\\L2 < C {\\uo\\l2 + ||9^-Mo||l2 + \\d;^^dyUo\\L^) , 

for any sufficiently smooth solution u, uniformly in time. The Sobolev space defined by 
()1.8|) is naturally called the energy space. It is the natural space on which the Hamiltonian 
is defined, and thus it would be desirable to obtain a local well-posedness theory for 
KP-I in this space. (As we mentioned before, Tom j2H] proved the existence of global 
weak solutions, for data in the energy space, using p.Sp and compactness arguments, 
but the uniqueness of these weak solutions remains an open problem). Moreover, if one 
could also prove that the time T of existence in this (desired) local existence theorem 
depends only on the norms involved in (jl.8|) . then a simple iteration argument, combined 
with (jl.8p . would yield global in time solutions for data in the energy space, and hence 
the Hamiltonian would be defined globally in time, for the natural space of initial data, 
providing a satisfactory "low-regularity" space in which KP-I is globally well-posed, and in 
which the Hamiltonian is naturally defined. We next remark that this desired dependence 
on T above is validated by scaling considerations. In fact, if we fix \f3\ = 1,7 = — 1 
and u{x,y,t) is a solution of ()1.1|) . then u\{x,y,t) = X^u^Xx, X'^y, XH) is also a solution 
of ()1.1|) . with initial data u\fi{x,y) = X'^uo{Xx, X'^y). Note that ||ua,o||2,2 = -^^ ||'Wo|Il2, 

||f^x^A,o|l2,2 = A5 ||(9a;Mo||j;^2, || c^aT'^^j/'^A.o || ^2 = -^^ || ^^y^o || ^2 , SO that p.lj) is "sub-critical" 
in the energy space and thus one expects the time of existence in a local well-posedness 
theorem, as the one discussed before, to depend only on the norm of the initial data in the 
energy space. (See also Remark 14. II for further discussion of the notion of "criticality"). 
Note also that if one is only interested in global existence of solutions of KP-I, with fairly 
regular initial data, the recent work |22] provides a very satisfactory global existence 
theory, by combining the local well-posedness results of lorio and Nunes jH], mentioned 
before, with higher order conservation laws for KP-I (suitably regularized by the use of 
Strichartz inequalities). 

In the attempt to establish a local well-posedness theory for KP-I in the energy space, 
one is confronted by the following difficulty, which we have not been able to overcome: 
so far, in the many studies of local well-posedness for nonlinear dispersive equations, the 
only successful approach to the issue of "low regularity" data has been through the use 
of fixed point theorems based on Picard iteration. However, the recent counterexamples 
of Molinet, Saut and Tzvetkov [21], [22]; show that, for KP-I, we cannot prove local 
well-posedness in any type of anisotropic L^-based Sobolev space H^]y'^, or in the energy 
space, by using Picard fixed point methods for the integral equation formulation of the 
KP-I initial value problem. In light of this, to study the local well-posedness theory in the 



^See for example 0]. 
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energy space, one must abandon Picard iteration, and proceed in a new way. Since weak 
solutions have been constructed in [2H], as we mentioned before, the key issue is uniqueness 
and one needs to estabhsh this without relying on the classical Gronwall inequality, which 
seems to require too much regularity on the data. Possibly, recent works of Molinet and 
Ribaud on dissipative generalizations of KP JH] and KdV [201 niay prove useful in this 
direction, but we have not been able to establish the required uniqueness. 

Given this unsatisfactory state of affairs, an alternative is to use spaces other than 
the energy space, but with similar regularity properties, and for which Picard 
iteration might still work. For example, in our recent work we addressed the well- 
posedness question for KP-I, by restricting the space of initial data, which we took to 
consist (essentially) of functions, which together with two derivatives, belonged to the 
weighted space + \y\)°'dxdy),a > |, and have small norm. Our proof relied on 

the so called "oscillatory integrals" method, which combines local smoothing effects and 
maximal function estimates. 

Our goal in the present paper is to refine the local well-posedness result mentioned 
above, to reduce the number of the derivatives needed on the initial data to bring it to 
a space which is close to the energy space we discussed before. We use versions of the 
spaces and methods introduced by Bourgain [Sj, extended to the context of weighted 
Besov spaces. The weights are used to exploit the fact that the region where (jl.5|) is 
small, is a region of small measure. The estimates we present are sharp, in a sense that 
will be made clear later, and are obtained in Besov-type spaces involving derivatives of 
order 1 — e and the weight \y\. We are able to remove any assumption on the initial data 
concerning small frequency, but due to the fact that in this case weighted spaces do not 
rescale well (see Remark 14.11) . our well-posedness result again holds only for small data. 
From now on we will restrict ourselves to = 1. 

Let's now define the energy space E and the weighted space P as 

(1.9) E = {f:feL\ dj e L^ dyd;'f e L^}, and P = {f:yfe L^}. 

Remark 1.1. We consider the space E (1 P natural in the context of KP-I. It was proved 
by Saut [23j, that for smooth solutions u of KP-I, whose initial data uq is in fl P, then 
for any fixed time interval [— T, T, u enjoys the a priori bound 

Let us denote now by Bp the ball in E (1 P, centered at zero, and radius p. To state 
the main theorem we will also need the spaces {E fl P)i-e, and Zi^^. The first space will 
be defined in fll.l2|) . but for now, all the reader needs to know about it is that it roughly 
has e fewer derivatives than the space Ed P. The space Zi_^ is introduced in (jl.l7|) . It is 
a Bourgain type space (following the spaces introduced in in which the contraction 
mapping theorem is applied. 

Theorem 1. Assume that 7 = — 1 m (ll.lj) and fix an interval of time [0,T], and a 
small e > 0. Then, there exists 6 > 0, 6 = 6{e,T) such that for any Uq E E {~\ P with 
ll'^olUnp < there exists a unique solution 

u e L~([o,T];EnP) nC([o,T];(EnP)i_,) nZi_, 

with \\u\\^_^_ < C6. Moreover, the map that associates the initial data in E n P to the 
solution u is smooth from the hall Bs into the space C{[0, T];{Er\ P)i_e). 
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This theorem is a consequence of a well-posedness result involving the Besov type spaces 
of initial data mentioned earlier, (see Theorem |21 below) . We start by giving a precise 
definition for these spaces. 

Definition 1. Let 9o{s) = X[-i,i](s), Omi-s) = X[2'"-i,2'"](|'S|), m G N. For (^,/i) G let 
Xii^T^^) = X{|||>ii|ip and X2(^,/i) = X{|^|<i||i}- We define the space S^'^ of functions 

on as the closure of the Schwartz functions, for which the norm below is finite, with 
respect to 



:i-io) ii/Lp = $^ii(i + iei + |^)^^..(Oxi(e,/i)/(e,/i)iiL^ 

m>0 

+ E 11(1 + + T^)^^n(-")X2(e,/i)/(e,^)IU- 



We also define a "weighted Besov space", P^'^ using the norm 



m>0 

+ E 11(1 + 1^1 + T^r^n(/i)x2(e,/i)5M/(e,/^)iu- 



Remark 1.2. Going back to the discussion of the smoothing effect involving ()1.H|1 and ()1.4|1 . 
one can see that the splitting into the two regions Rg = {|^| > ||||} and Ri, = {\^\ < ^j^} 
is quite natural. In fact in the "good" region Rg it's easy to check that \Vuj{^,fi)\ > 
hence here one should expect a gain of a full derivative. On the other hand in the "bad" 
region Rf, one has |Vco'(,^,/i)| > |^|, and the gain should be only of half derivative, (see 
also Proposition El) . 

Remark 1.3. Because C it follows that B^'^ HPg^'^ ECiP. Moreover, if e > 0, then 

2 1 2 1 

we also have E f] P C B{_^ fl P_'^ . To see this, first assume that f ^ E. Then 



E 11(1 + 1^1 + T^)'"^^-(Oxi(e,/i)/(e,/^)iiL^ 

m>0 

< J2 l|2"'"^(l + 1^1)^(1 + 1^1 + j^)'"^^™(0xi/l|L2 



< 



m>0 

5^2— 11(1 + iei + |^)^^(Oxi/iiL^, 

m>0 
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and Cauchy Schwarz concludes this part. On the other hand 

E 11(1 + 1^1 + Y^y''Wx2{^,f^)mmL^ 



n>0 



< 



n>0 



-{i + \^\ + W~'0Mx2{^,fi)fiC,f^) 



L2 



and again Cauchy-Schwarz takes care of this term. Now assume that / G P. Then 

m>0 
m>0 

and we use Cauchy-Schwarz. Finally, because (1 + |,^| + j^) > 1 + we obtain 



n>0 
n>0 

and also this term is estimated. We are now ready to define the space {E fl P)i_ 
introduced in the statement of Theorem ^ by setting 



2,1 ^ n2,l 



(1.12) (PnP)i_e = Pr_, nP 

for any e G M. 

Remark 1.4. If one could prove well-posedness with initial data in bI'^^Ci P^'^ , on [— T, T], 
with T depending only on the norm of the initial data in this space, for some e > 0, 
then for data G -E fl P we would obtain, in light of Remarks 11.31 and II. ![ a unique 
global solution in C{[-T, T],bI'}^ n P^'^) n L°°([-T, T],EnP), for each T, which would 
depend continuously on the initial data, in the BI'}^ fl P^'^ topology. However, as we will 
explain in Remark 14.11 we show the required local well-posedness only for small data in 

2 12 1 ""i 

B{_^ n P_'^ , and our estimates barely miss giving the global result . 

Remark 1.5. If in the definition of Pf'\ the constant | appearing in xi and X2 is replaced 
by C, we obtain the same space, with comparable norms. This holds also for P^'^. Assume 
that / G P^'^ and < C < |. We need to show that 

(1.13) E 11(1 + 1^1 + T7T)'^™(0X{cH<|5|<ii|i}(^'/^)/(^'/^)IU^ ^ 

m>0 



■^Unfortunately though, our estimates are sharp as is shown in Proposition |7| 



Then 
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< If I < iM 



But if Cjf} < 1^1 < then < j^p < If m = 0, then [^P < 1 and < C''^. 



l/i 



< 11(1 + lel + ^)^X{H<c-}X{|^|<i^|(e,/i)/(e,/")ll 



L2 



ra>0 



If m > 1, 22™-i < < 22'"/C. Let be the smallest integer such that 2"" > 22"/C. 
Then no < 2m + Co, Co = Co(C). Thus, 

^ E E ii(i + iei + |^)Xo(/^)x2(e,/i)/(e,/i)iiL2 

m>l 2m-l<no<2m+Co ' ' 

^ E ll(l + lel + T^)Xo(-")X2(e,/^)/(e,/i)llL2, 

no>l 

and p.l3|) follows. We also need to show that 

1^1 



(1.14) E 11(1 + 1^1 + T7^)'^n(/^)X|cM<|5|<iM}(e,/^)/(e,/^)l|L2 < 

and the argument is similar since 



2" < < 2"+^ =^ Ch"^ < 1^1 < (i)l2"/2+i. 

The case C > 1/2 is proved in the same way, reversing the role of C and 1/2. A similar 
proof can be given for the space P^'^. This remark will be used implicitly in our proofs. 

We are now ready to introduce the Banach spaces in which we will perform a fixed 
point argument to obtain the solution for (jl.ip . Below, we use / to denote the Fourier 
transform of a function of {x,y,t), defined in a similar fashion as for functions of {x,y). 
We hope that this will not cause confusion to the reader. 



Definition 2. Let xo{s) = X{\s\<i}{s),Xj{s) = X{2^-i<k|<2J}(s), yu) = ^ +yU /^ and 

M 



= (1 + 1^1 + Tj[). We define the space Xs^ through the following norm: 



:i-lWllx.,, = E2''(/ X,(r-a;(e,/i))xi(e,/i)^m(0^'l/T(e,/",r)derf/irfr 

j,m>0 ^^^^ 

E 2^'(/ Xjir-u;{^,ix))x2i^,ix)eni^)w'V\'{^,fj.,T)d^dftdT 



j,m>0 
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{f -.tf e Xs,b, and yf e Xr,b}, 



Xs,b n Fs,s-i,65 z 



l-e — 



Z- 



1 . 



Remark 1.6. A statement similar to Remark |l. 51 holds for these spaces. 

We are now ready to state the well-posedness result for initial data in Besov spaces 
introduced above. 

Theorem 2. Assume that 7 = —1 in (|1.1|) . For any tQ < and for any interval 



Uo\\^2,i ^p2.i < 6, there exists a unique solution u for ()1.1|) in ^i-eq. Moreover u G 



B{_^^ n P_'^g and smoothness with respect to initial data holds in the appropriate topology. 

From now on we assume that 7 = — 1. In the rest of the paper we often use the notation 
A< B ii there exists C > such that A < CB, and A ~ B ii A < B and B < A with 
possibly different C's. 

The paper is organized in the following way. In Section 2, we introduce some estimates 
for the solution of the linear KP-I initial value problem. In Section 3, we present two 
bilinear estimates (see Theorems El and E] below) that are the heart of the matter for the 
proof of Theorem 121 The section concludes with a counterexample showing the optimality 
of our analysis. We finish with Section 4, in which we briefly present the proofs of 
Theorems ^ and |21 Section 4 also contains a scaling argument which reveals that the 
optimal analysis in Section 3 is "endpoint critical". 

Acknowledgment. The authors are very grateful to the referees for their extremely 
careful reading of the manuscript, and their many suggestions, that have greatly clarified 
our original version of the paper. 



and let S(t)uo be the solution. By taking the Fourier transform of the first equation in 
(12. ip and solving the ODE one can easily see that 



JR2 

We now show that the space X^ i fl X, 1 is well behaved with respect to the group 
operator S{t). 




2. The Linear Estimates 



Consider the linear IVP 



(2.1) 
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Proposition 1. (linear homogeneous estimates) Assume ip G C^(|t| < = 1 on 

|t| < |. Then 

(2.2) \m)S{t)uo\\x^, < 

(2.3) \\'llj{t)S{t)uo\\Y < ||Mo||p2,i + ||Mo||^2.i. 



Proof. The proof follows the same arguments used in ^Hl- We observe that 

(2.4) m)Sit)uom,ix,T)=^P{T-cui^,fi))uo{^,fx). 

Here ^denotes the Fourier transform of a function of 3 variables on the left side of (j2.4j) 
and also to denote the transform of functions of 1 and 2 variables on the right side. Then 
to prove ()2.2|) we need to estimate the two integral expressions: 



(2.5) E 2' E f / f')''XiOm{OxA^ - ^Mir - u;)\^\uo\'d^d^^dT) ' 

i>0 m>0 ^"^IK' ^ 

(2.6) J2^'Y.( f ^(e,/")''X2^n(/i)x,(r-cu)|^(r-a;)|Vorc?ec?/ic?ry , 

j>0 n>0 ^-^K' / 

where w{^, /i) = (1 + |^| + |||). We observe that for j = 

(2.7) / \m\\Am<\mi^ 

and for j > 1 

(2.8) ^ mx)\'xAm < 2^- ^^^^^^.^,^ 11(1 + \s\r^p{s)\\i^ 

for any G N. When we insert fj2.7p and ()2.8|) in ()2.5p we obtain the bound 

(2.9) hoLpllV^IU^ + E n /2^-w ll^oLg.^ll(i + kl)^^(g)IU^. 

It is easy to see that for > 1, J2j>i {i+2i)N ^ C, hence fl2.2|) is proved for ()2.5|) . A 
similar argument can be used to estimate ()2.6|) . 
To estimate ()2.3|) we first observe that 

t^{t)Sit)uo = i,{t)S{t)uo, 

where i){t) = ti){t). Hence by 

||iV(t)^(t)%|| 

We then turn to yip{t)S{t)uo. Using the fact that {yh{y)y"= —id^h{n) and ()2.4|1 . it is 
easy to see that 

(2.10) Fiyi;it)Sit)uo)i^,fx,T) = -2^{r - uJ)^u^{i,^^) - ^(r - uj)wo{i, 
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Then we can use fl2.2|) to conclude that 

\\yij{t)S{t)uo\\x,_,^, < \\uo\\j^2i + \\yuo\\^2.i 

* s — i 

□ 

There is an inhomogeneous version of Proposition 

Proposition 2. (linear inhomogeneous estimates) Assume ip G C^(|t| < = 1 on 

|t| < Then, 

(2.11) \\m f S{t-t')h{t')dt'\\x , < \\h\\x 







1 ) 



(2.12) ll^(t) / S{t-t')h{t')dt'\\y^^ ,.<m\x^ .+\\th\\x^ .+\\yh\\x^ ^ J. 



Also in this case the proof follows closely the arguments used in ^H]- We start with 
the following lemma. 

Lemma 2.1. (stability under time cutoff) There exists C > such that for any s G M, 

II^W/llx . <C||/llx 



To prove the lemma we need the auxiliary space Xs^b defined as the closure of the 
functions in S for which the norm below is finite, with respect to the norm 



J] 2^-2^ / x^(r-coi^,f,)){l + \^\ + \l^YVn^,i^,T)d^di^dT 



\j>0 

Notice that while the space Xg^b is defined using an l^ summation with respect to j, the 
space Xs^b is defined using an summation. We have the following lemma. 

Lemma 2.2. For any b such that < 6 < | and any s eM. we have 

(2.13) wmfWx^, < wfWx.y 

For any b such that ^ < b < 1 and any s eW we have 

(2.14) wmfWx^, < wfWx.y 

Proof. We start by proving ()2.13p . Note that 

^2^-2^ / xA^-uJi^,^^))w'V\\^,^^,r)d^d^^dT 

[ il + \r-u;i^,fi)\yWV\\^,fi,T)d^d^idT) 
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where w{^,n) = (1 + |^| + Because 

(^(■)/m,/i,r) = /*. m-)), 

by following the arguments in [1^] , it is easy to see that the proof reduces to showing that 
for any a G M, (with {D^ fTir) = |r|''/(r)) 

(2.15) / \D\e^-'fit)m)\'dt< f \fil)ni + \l-a\f'dl. 



We use fractional derivatives (see appendix in PH]) to obtain 
It follows that 

\\D\e^^'f{t)m)\\L'^ < \\D\e'-'fmLAmL^ + \K'fmL^4D\m)\\L^r', 

for i + ^ = 1. Because 6 < |, if ^ = 1 — 26, by the Sobolev embedding theorem, we can 
continue with 



\me-'f{t)m)\\L^ < [j^ i/(or(i + \i - ^irdi j + \mm)\\L^r'). 

To finish observe that 

\\D\m)\\L^r' <00, 

because D\i/j) e n L°°. 

The proof of ()2.14|) follows by combining the above arguments with those in Lemma 
3.2of[ini. □ 

Note that (j2.13|) also follows from Lemma 2.2 in ISj. 

Proof of Lemma \2.1\ We recall that by real interpolation (see Theorem 5.6.1 in [2]), if A 
is a Banach space and 

W = m : /, G A, ( $^(2^-1/,|U)«] ' < oo}, 

\j>0 J 

then for any qi G [1, oo], 

ilt:iA)Jtl{A))e,, = ll{A),{bo^h) 

where ^g[0,1], l<g<oo and be = OBq + (1 — 9)bi. We then apply this fact to the 
spaces Xs^b- with bo < ^, bi > ^, q = 1, we use Lemma 1221 and then we sum with respect 
to m and n to obtain Lemma f2. II □ 

Proof of Proposition\^ We follow the proof of Lemma 3.3 in ^B]- We write 

tpit) [ S{t-t')h{t')dt' = I + II, 
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where 

/oo I- Ut _ ituj 
/ e'^^^^y^^hi^, /i, r)V^(r - co) —-d^dfidr 

/ e'^^^+y^^h{^, /i, r)[l - 7/>(r - to)] —-M^idr. 

By Taylor expansion we can rewrite / as 
(2.16) 

For A; > 1 let 

and note that for any k>l and for any s G M, 
and for \s\ > 1, 

(2-17) i5^^^)i^^(rfR^- 

From ()2.16|) it is easy to see that 

oo .1, 

^ ^Yl -^_^k{t)S{t)hk{x, y), 

k=l 

where 

/"OO 

\fe-l 



^ — oo 

Then by Proposition [H in particular ()2.9p . and ()2.17p . we obtain 

A:>1 

On the other hand it is easy to check that 

ll^fells^i ~ ll^llx 1 , 

which inserted above gives ()2.11|) . We now pass to //. We write // = J/i + II2, where 

/ e^(-«+^^)/i(e, fi, r)[l - ^(r - u)] d^df^dr, 

-ooiR2 r-w(^,/i) 

//2 = -^(t) / e^(-«+^^') / Me,/i,r)[l-^(r-a7)] drd^dfi. 

By Lemma [2. II 

Il/Allx < 

On the other hand, by Proposition Q we have 



1 ~ ll'"!!^^ 
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where 

%,/x)= ril-i^ir-co)] ^^^'^f dr. 
To finish the proof of (|2.1H) one just needs to observe that 



"2 



To prove ()2.12j) we first observe that by ()2.1H) 



||t^(t) / S{t-t')h{t')dt\\x 1 ^ \\>i\\x 



T. '-1. 



We now use fl2.1()|l to write 

\\y^{t) f S{t-t')h{t')dt'\\x ^.<\m) f S{t-t')h{t')dt'\\x 
Jo ' Jo " 

+ U{t) ! S{t-t')t'h{t')dt'\\x .+\\ml S{t-t')yh{t')dt'\\x , 



'0 ^ JO 

where ipit) = ttp{t) and h{C,,fi) = 2fi/C^h{C^, fi). We use again ()2.11|1 and we continue with 



\\ym S{t-t')h{t')dt'\\x .<\\h\\x , + \\th\\x ,+\\yh\\x ^ 1 
This concludes the proof of Proposition |21 



□ 



In this second part of the section we prove some a priori estimates enjoyed by the 
solution S{t)uo of the linear problem (j2.H) . The first estimate we present is of Strichartz 
type and is due to Ben-Artzi and Saut [1 : 

Proposition 3. (linear homogeneous estimate) Assume uq G L^, then 

(2-18) ||5'(t)Mo(a;,?/)||L4([o,T],L4(]R2)) < ||mo||l2. 

We would like to use ()2.18|) to obtain an estimates for any generic function /, not 
necessarily a linear solution. This can be done by foliating the space using dyadic level 
sets Aj = {{^,fi,T)/\T-Lj\ ~ 2^. 

Proposition 4. Let Xj(^,yU,T) = Xj(r — yu)) as in Definition]^ Then, fore > 0, and 
with ^ denoting the inverse Fourier transform, 

(2.19) II(X,I/I)"IU. < 2i\\fxj\\L^ 

(2.20) 11/11,4 < ($^2(i+^)^||/x,||i. 

\i>o 

Proof Set iXj\f\y{x,y,t) = gj{x,y,t). Then 

g,ix,y,t)= [ e^(-«+^^+*-)|/|x,(e,/i,r)rferf/xdr. 
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We now observe that gj can be written as an integral of linear solutions for ()2.1|) with 
appropriate initial data. More precisely, by a simple change of variables one can write 



e^(^^+y^-'-^^'^))\f\ (e, /i, A - /i)) d^dfi 



dX 



z''\,{\)S{-t)g^{x,y)d\ 
where gx{i,^^) = \m, ^^,\ - ^{t Then, by 



\\9Al^< / xAmS{t)g>.{x,y)\\L.dX< / x,(A) /i, A - /i)) |U| /A 



and after Cauchy-Schwarz in A ()2.19|) is proved. To prove ()2.20j) we first foliate the 
function / over the dyadic levels |r — ci;(^, \ ~ 2-^, that is we write /(x, y, t) = J2j>o fj^ 
where 

fj{x,y,t)= [ e^(-«+^^+*-)/x,(e,/i,T)rfec?/irfr. 



Then if we proceed as above and we use Minkowski's inequality, we obtain 

xm\Sit)h{x,y)\\,.d\<Y, I X,(A)||/(e,/^,A-^(e,/i))|U|,/A 

where fx{^,fi) = A — u;(^,yu)). Using Cauchy-Schwarz, first in A, and then in j, 

the proof is concluded. □ 

We also need a smoothing effect estimate and a matching maximal function estimate. 
We start by defining the operators P+, P and Pq such that 

We also recall the operator D*, s > defined through the Fourier transform as D^f{^) = 
ICI*/- We then have the following proposition. 

Proposition 5. (smoothing effect estimates) For any Uq G L^(R^), 

(2.21) \\d.S{t)PiUo\\L^LiL^^ < C\\uo\\l2, 

(2.22) \\Dls{t)PoUo\\L^LlL^^ < C\\uo\\l^. 

Proof. The proof follows the argument presented by Kenig, Ponce and Vega in the proof 
of the one-dimensional KdV smoothing effect in To prove 1)2.211) we first define the 
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regions of integration 



Then we write 



Ja± 



2 

where 00(^,12) = + y. We make the change of variables (Cjj) = (^'^ + id^/^^jj), and it 
is to check that if J{i,fJ.) represents the jacobian, then in A±, | J(^,/i)| > holds. Now 
assume that ^ = 9{(,fi), then the term above equals 



where A± is the transformation of A± under the given change of variables. Then by 
Plancherel's theorem 

\\d,S{t)P^Uo{x)h. = ||e^^«'^)-^(C,/i)no(^(C,/i),/i)XAj'/rlL? 

\9{C, ^)\'^\uo\'^\J\~^ dCdfj.) 

A± ) 



< 



\^\'\no\'\^\-'d^dfi] 



To prove ()2.22p we use a similar argument. We set Aq = {\^\ ~ j^^}, and we write 



Dl'^S{mu,{x,y)= [ e'^^'^^^^'y^\^\h''-^^'^^uo{^,fi)d^dfi. 

JAo 

We make the change of variables p) = + p^ ^"^^ we observe that this time the 
estimate for the jacobian is | J(^,yu)| > |,^|. We set /i = 7(^,p) and we continue the chain 
of inequalities above with 

where Aq is the transformation of Aq under the above change of variables. Then by 
Plancherel's theorem 

muol'J-'d^dp 



< ([ Muom-'d^dp 



\U0\\Lly. 



□ 
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Using the argument of foliation with Xj introduced to prove ()2.20|) . one obtains 
Corollary 1. Let Xi('C) ''") = Xji'T ^ '^(^?/^)) as in Definition\^ Then 

(2.23) ||(|^|^X||^|.W}/(e,/i,r)x,(r-..(e,/x)))^|Uooi|^2 < 2i\\fx,\\Ll^^^ 

(2.24) ||(|elX||^|»M}/(e,/^,r)x,(r-.;(e,^)))^|Lg.^.^. < 2^\fx,hl^^^ 

(2.25) ||(|elX||^|«M}/(e,/",^)x.(r-^(e,/^)))^llLg=>LgL? < 2i\\fXj\\Ll^y 

On the other hand, using interpolation with the trivial norm estimate, we also obtain 
Corollary 2. Let Xj(^,/U, r) = Xj(r — uj{C,,fi)) be as in Definitions^ Then 

(2.26) ||(lel^X||^|.^}/U/^,^)x.(^-^(e,/i)))1lL^,LiL? < 2^||/x,||l|,^,^ 

(2.27) ||(|er%^|>>Hj/(e,/i,r)x,(r-^(^,/i)))^|U4^.^. < 2^"\\fxA\Ll^^^ 

(2.28) ||(|er/V|«^}/(e,/i,r)x,(r-c.(e,/x)))^|U4^.^. < 2^l'\\fx,\\Ll^^^ 

We finally introduce a maximal function estimate. 

Proposition 6. (maximal function estimate) Let Tm be the operator such thatTm{f){C,, f^,T) = 
m'{iJ,,T)f{^,lj,,T). Then 

(2.29) ||T„(/)|U.^^..^<C||m|U.J|/|U2_^_^. 
Similarly, if T^{f){^, ii,t) = w{^,T)f{C., fJ^,T) . Then 

(2.30) \\TM)\\LlL^,<C\\whlJf\\Ll^y 

Proof. We only prove ()2.29p . We first write 

Tmf{x, y,t) = / m{y -y',t- t')f{x, y', t')dy'dt'. 

Then 

|T„/(x,?/,t)| < ||m||L2||/(x, •,-)||l2. 
To end the proof one just has to take the norm in the x variable. □ 

It is also useful to observe that interpolating ()2.29|) and ()2.30p with the trivial 
estimates, we obtain 

(2.31) \\Tm{f)\\LiLl, < C7||m|U4j|/|U2^^^, 

(2.32) \\TM)\\lIlU < C\\w\\^.J\f\\L.^^^^. 

We end this section with a simple weighted Sobolev inequality that will be useful later. 

Lemma 2.3. (weighted Sobolev) Assume w{^,^) > 1 for any {^,^) G M^. Then for any 
Co ^ 0, for any p > 2 and = {p — 2)/2p, 

(2.33) ii/iu. < \\w{^, ■rfti\\n^{i, r^viit. . 
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Proof. We write 



< ik(e,-)"/iiL^ik(e,-)"^v'iiL- 

From here it follows that 



1 1 



(2.34) \\f\\L^<\\w{i,-rf\\h\\^{i.-r'f\\h- 

If p> 2 

'i/r^/i= / i/rvi><ii/iiriii/iii^, 

and by ()2.34p it follows that 
and because w{C,,fi) > 1 

and the lemma is proved. □ 

3. The Bilinear Estimates 

As announced at the end of Section 1, the core of the well-posedness result we present 
in this paper is contained in the following two theorems. 

Theorem 3. Assume < eo < |. Then for any | < e < 1, we have 

(3.1) \muv)\\x^ , < C\\u\U^ i\\v\\x^ +\\v\\]^^ J\vry J 

il-e 



(3.2) + C\\v\U^ ,.iMx^ ,1 + J 

l-'Q.^ ^-<^0'-7 l-^O-i 



\U\ 



y. 



l-'!0.-fO.^ ' 



1-e 

117/ II 1, 
2 l-'^O'-^O.^' 



The companion of the above bilinear estimate is 
Theorem 4. Assume < to < j^. Then for any ^ < e < 1, we have 

(3.3) \\d^,{uv)\\Y 1 < C\\u\\y ^ idl^^lU^ ^ 1 + II^^IIx ' Jl^lly 

(3.4) + C\\v\\y A\\u\\x 1+1^111"' ||M||y ). 

Remark 3.1. We have not attempted to find the optimal value for eo for which our argu- 
ment can be carried out. 

1 /2 

Remark 3.2. An estimate for the bilinear expression Dx {uv) in spaces not involving 
weights already appeared in 



18 



J. COLLIANDER, C. KENIG, AND G. STAFFILANI 



To give an idea of how the proof will be conducted we write the left hand side of the 
bilinear inequality in Theorem |21 using duality. 
We have to estimate, for gj > 0, 

(3.5) E2"'^'E / ^?.(e,/^,r)^^(Oxi(e,/^)x.(r-u;(e,/^)) 



j>0 m>Q ■ 

x|^| max(l, |^|)^~'"|m|(6, Ati,T-i)|t)|(6, Ai2,T-2)rf^i(i/iic?ri(i^20?A*2C?r2 



and 



(3.6) E^^'^'E / 9A^,f^,r)9Mx2{^,^i)x,iT~u;{^,f^)) 

j>0 n>0 •^^* 

x|^| max(l, lJ,i,Ti)\v\{^2, l^2,r2)d^idi2idT^^ 

where A* is the set {,^1 + 6 = /^i + ^^2 = n + ^2 = t} and WgjOmXiXiWL^ < 1 and 
\\9j(^nX2Xj\\L^ ^ 1- It is clear that by symmetry one can always assume that |^i| > |^2|- 
Based on Remark 11.21 one can easily understand that many different cases need to be 
considered in view of the fact that there will be a combination of interactions between 
"good" regions of type Rg, bad regions of type Rb, regions with relatively small or large 
frequencies. The whole analysis is complicated further by the fact that the spaces we use 
are anisotropic. We start by subdividing A* into six domains of integration 

(3.7) A = A*n{|ei|>|6l,ieil<i}, 

(3.8) ^2 = A*nm> 161, 161 > 1, 161 ~ 

(3.9) ^3 = A * n{|6| > 1, 1< 161 < 10-^°|6|, l/i2|/|6l > max {|6|, |/ii|/|6|}}, 

(3.10) 14 = A * nfi n {|6I > 1, 161 < i, 161 < io-^°|6l, 1/^21/161 > max{|6|, |/ii|/l6|}}, 

(3.11) 15 = A*nB'n {|6I > 1, 161 < i, 161 < io-'°|6l, l/^2|/|6l > max{|6|, |/ii|/l6|}}, 

(3.12) 16 = A* n{|6| > 1, 161 < 10-^°|6|, l/i2|/|6l < 10-i°max{|6|, |/ii|/|6|}}, 
where B = {|6| > i^l/^i|/l6|}- We also use the auxiliary region 

M^o) = {|/"i/6 -/i2/6l' < 3/216 + 61', l6r+"^° < l/^i/6|}, 

where a will depend on eo. The most delicate part of our estimate occurs in the region 
Aq and it is only here that we need the weighted spaces and the Besov type norms. We 
start with a lemma. 

Lemma 3.1. If < |, then 

(3.13) Yl Yl 2"'^' / ^^(^1 + ^2, f^i + /U2, ri + T2)xj{ri + r2 - cu(6 + 6, /^i + ^2)) 
16 +6l'''nj=i,20i(6,Ati,^i)Xj.(^i - u{^i,^i))d^idfiidTi 

< sup ll^j 11^20^=1,2 ^2^'/2||0iXiJ|L2, 

where A = Ak,k = 1,2,3,4 or A = A^ - A^^eo) . 
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The proof that we present below gives a httle more general result than the one stated. 
In particular we show that (j3.13j) holds in sets larger than ^3 and A^, namely in 

^3 = A*n{|ei| > i,i< 161 < io-'°l6|}, 

and 

A^ = A*nBn {l^il > 1, 161 < 1, 161 < io-'°|6|}- 

Proof. For simplicity, for i = 1, 2, we set 

Also, whenever we use a dyadic decomposition either with respect to |6| ~ 2"*' or ~ 
2^', we write 

(3.14) (pij^^rnMi^f^i^^i) = 0ij,X{|5,h2'-.}(6,Aii,^i) 

(3.15) 0ij.,n,(6,/^i,T-i) = 0ij,X{|M.|~2".}(6,/^i,1"i). 

We prove the theorem by analyzing the integral in ()3.13j) on the different regions. 
Region Aii Here |6 + 61 ^ 1 ^i^d we can simply use the Strichartz inequality ()2.19|1 . 
Region A2:. Here we can assume also that |6 + 61 > otherwise we go back to the 
argument used in the region Ai. We dyadically decompose with respect to |6| ~ 2*^1 
(hence |6l ~ 2™^) and we rewrite the left hand side of ()3.13|) as 

(3.16) Yl J2 2"'^'/ mMl+^2\'°'^i=l,2<P^,J,,mA^d^^d^J^^ 

We now consider two cases: 

Case A: j > 2eomi. We use the Strichartz inequality ()2.19|1 and ()3.16|1 can be bounded 

by 

E E E 2-^-/^+--||^7,x.llL^n,=i,22>'/2ll0,,,,„jU. 

mi>Oi>2eomi ji,j2>0 

and ()3.13|1 follows in this case. 

Case B: < j < 2eomi. We change variable in ri and T2 by setting (xj — ci;(6,/ij)) = Oi 
and we write the left hand side of (j3.13|) as 



gji^i + 6, Ati + /^2, Oi + u;(6, /ii) + O2 + uj{^2, /i2)) 



(3.17) Yl Y.^'''" 

iij2>o j>o 

Xj{9i + Cj(6, /il) + 6*2 + Cj(6, yU2) - c^(6 + 6, yUl + ^^2)) 
16 + i2V^i=i,2<Pi{ii, ^-hOi + ^,i))xjX(^i)diid^,id9i. 

From (|1.5|) we also have that 

2 



61 + 62 + 



66 



(6 + 6 



Ail _ /i2 

6 6 



3(6 + 6) 



2^. 



(3.18) 1 

Case Bl: ||i - ||' < 3/2|6 + 6P. 
Then from THM and it follows that |6||6||6 +61 < 2'^^^(^i'^2J). Because now 

16 + 61 > 1; if j = niax (ji, j2, j), then 2^™i < 2^^""^!, a contradiction if eo < 1 for 
mi large enough. So by symmetry we can assume that 16 + 61 < 2(-''i-2"^i), hence 
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16 +61'" ^ 2'o(Ji-2™i). We can then continue^ the estimate of (jTTTj) by usine Strichartz 
inequahty ()2.19|) with 

(3-19) E E E 2-^--^2-^-^||^,x,|U.||0i,,™JU^2^V2||^^^^.^_^j|^, 

mi>0 j<2eomi ji,j2>0 

and after Cauchy-Schwarz in nii this gives ()3.13p provided eo < |. 
Case B2: ^ - ^'^ 

Here we consider the following change of variables 



> 3/216 + 61 



« = 6 + 6 

(3 20) v = fii + fX2 

^ ^ ^ w = f^i) + ^(6, /^2) + 61 + 62 

The Jacobian associated to this change of variable is 

(3.21) 

We observe that, for fixed ^1, 6'2, 6? 6? /^i? the set where the free variable /i2 can range 
so that ()3.18|) is verified is a union of two symmetric intervals and the length of these 
intervals is small. More precisely, if we denote with this length, then 

(3.22) A,, <2^— ^ 

To see this we introduce the function 



It's easy to see that \f'{fi)\ > 161) hence ()3.22p follows. We now consider two subcases. 



2 



Case B2a: 



2 / \ 2 

HI 

6 



> 1. 



We make the change of variable (j3.2(J|) (now \ J^\ > 1). Denote with H{u,v,w, (12,61,62) 
the transformation of 

ni=i,20i,i„mi (6, fJ'i, 6i + u;(6, fJ'i))Xh{6i) 
under the above change of variables. Then ()3.17|) becomes 

\J^\~^H(u, V, w, jj2, 61, 62)dudvdwdjj,2d6id62 



"iUiii2>0 0<j <2eomi 

\J^\^'^H'^{u,v,w, iX2,6i,62)d^2 ) dudvdwd6id62- 



j gjXj{u,v,w) 


7 







1 

, 2 

-2 Tj2/ 



Here one needs to take the inverse Fourier transform of (^2 and of g in and that of (f>i in L"^ 
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Now we observe that by Cauchy-Schwarz and the inverse change of variable we have 



1 

gjXjiu,v,w) ^ I \Jf^\^'^H^{u,v,w^ fi2,(^i,(^2)dfJ,2 ) dudvdwd9id92 
— ll5'iXillL2 \ I [ I \Ji-i\'^H'^{u,v,w, iJ,2,0i,02)dudvdwdiJ,2] d6id92 

2 



~ \\9jXj\\L2yj yj \J^J.\ ^H'^{u,v,w, 112-1 Oi,02)dudvdwdiJi2j d9id92 
^ lkiXjllL2 / ( / ni=i,20ij,,„^i(6,/^i,^i + t^(6,/^i))Xj,(^i)c?6c?6c?/^ic^/^2 ) d9id9i 



< \\9jXJ\\L^'n^=l,22^'^^\\(p^,J,,mA\L^ 

which inserted above, after a sum on j gives 

"11 ji,i2>o 

and from here we obtain again ()3.13p for cq < |. 



Case B2b: 



3«-?i)-((t)'-(f)') 



< 1. 



In this case the change of variables above cannot be used because the Jacobian may 
become zero. We consider instead the change of variables in which we leave free: 

M = 6 + 6 

^ ' w = ooi^u /ii) + ^(6, 1^2) + 9, + 92 

In this case the Jacobian is given by 

(3.24) J, = f-f, 

a ?2 

and because we are in Case B2, it follows that 

l^d> 16 + 61 >1. 

We observe that, for fixed 9i, 6^2, .^2, yUi, fi'2, the set where the free variable ^1 can range so 
that we remain in Case B is a union of two symmetric intervals and the length of these 
interval is small. More precisely, if we denote with A^^ this length, then 

(3.25) A^, <2-™^ 
To see this we introduce the function 



M0 = 3(e'-d 



2 / \ 2^ 
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We compute 

h\o = - 2(/xi/0(-/ii/e') = + 2(/ii/0'r' 

and we notice that h'{^) has the same sign as ^, hence ^ l^l^ and ()3.25|) follows. 

Again denote with H{u,v,w,^i,9i,92) the transformation of^ nj=i^20jji(^i, /^i, under 
the change of variables ()3.23|1 . Then ()3.17j) becomes 

"ii Ji,j2>0 0<j<2eomi 

x\J^\~'^H{u, V, w, ^1, 6*1, 02)dudvdwd^id6id62 

gjXjiu,v,w) \J^\^'^H'^{u,v,w,$,i,9i,92)d^i^ dudvdwd9id92 
< E E 2-^V22^o-i2— i/2n,=i,22^'»/l0,,,,„JU2 

and this again gives ()3.13p for eo < |. 

Region In this region, (see (j3.9|) ). |^i + ^2| ~ We dyadically decompose with 
respect to |^i| ~ 2"*^ (hence |^i + ^2! ~ 2™"^). The left hand side of ()3.13j) now becomes 

(3.26) E E j 9,,n^,X,(t^l,n,^A2,nd^^d^^^dT, 

"ii>Oi,ji,j2>o 

where the arguments of the functions as in ()3.13p . We consider two subcases. For < 
(5 -C 1, to be fixed, we have: 

Case A: j > (2 + 25)eomi, < 5 << 1. We use Strichartz inequality (|2.19|) and we obtain 

nil >0 h ,j2>0 j>2(l+(5)eomi 

^ E E 2-"^^-sup||(7,x,|U^2^V22.V2||^^^^.^^^j|^,||^^^^.^||^,. 

Case B: j < (2 + 2S)eomi. 
Case Bl: 



Ml 

?1 €2 



< 3/216 + 61 



As in region A2, it follows that |6ll6jl6 + 61 < 2™^^(-'i'^2'J) and since |6| > 1 and |6| ~ 
16 + 61, we obtain that |6P < 2"^'^^(^i'-'2'J). If j = max (ji, j2, j), then 22™i < 2(2+25)«,mi^ 
a contradiction if eg < 3^ for "^1 large enough. Assume then that ji = max (ji, j2, j)- 
It follows that 16 + 6r ^ 2'«(^i-'"i) and thanks to Strichartz^ inequality (^T^ we can 



'Here we are using the notation in H3.14|l . 

'Here one needs to take the anti Fourier transform of g and of 02 in and that of cjji in . 



LOW REGULARITY SOLUTIONS FOR THE KADOMTSEV-PETVIASHVILI I EQUATION 23 

continue the chain of inequahties with 



/2| 



mi>0 ji,i2>Oj<2{l+<5)eomi 

and this gives provided cq < \. Clearly the case when j2 = max (ji, j2, j) is similar. 

2 



Case B2: 



A£l 

?i 6 



> 3/216 + 61 



Case B2a: 



3(e?-e|)-((t 



> 1. 



As we did for region A2 here also we consider two subcases. 

2 / n2' 

We make the change of variable ()3.20|) . for which now | > 1 and we observe that also 
in this region ()H.22j) holds. Then ()3.2(ij) can be bounded by 

mi,ii,i2>0 0<i<(2+2<5)eomi 

miJi,i2>o 

which again gives ()3.13|) for cq < |. 



Case B2b: 



2 / \ 2 

£t2 
6 



< 1. 



We consider now the change of variables (j3.23|) and we observe that 



> 16 + 61 ~2'"\ 



We also remark that in this region ()3.25|) holds too. Repeating the argument in Case B2b 
of region A2 the left hand side of ()3.13p can be bounded by 

^ ^ 2-^V22eomi2--^/2||^^.;^^.||^22^-^/22^V2||^^_^.^^^J|^,||^^^^.J|^,^ 

miji,i2>0 0<j<(2+2(5)eomi 

and this concludes the estimate in for cq < |. 

Region ^4. Notice that we only need to restrict the proof to the case when < j < 

2 

(2 + 25)tQmi and ^ ~ ^ ^ 3/2|6 + since in the other situations (Case A in A^ 

and case B2 in A3) and we didn't use the assumption |6| > 1- Observe that by the above 
restriction we also have that 



(3.27) 



— <max( — ,161) 



We consider two cases. 

Case A: 161161^'''"'^° ^ fo^' some a > to be determined later. 

Going back to the argument presented in Case Bl in region ^3, we obtain |6 

2maxOi,i2,i)_ If let 

(3.28) eo < iT-^r—^ 

2 + lo + a 
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then max(ji, j2? j) = max(ji,j2)- Let's assume max(ji,j2) = ji and ^ > and small. 
Then 2'«'"i < 2^^^"2~''°"'\ where 

"0 = Vr^ 7n ' ^'^'^ ^0 



;i-aeo)(l-^)' l-e' 

Notice that if < 6* << 1, from ipT^ it follows that 5o < i We then use Strichartz and 
we bound the left hand side of ()3.17p with 

nii,ii,i2>0 0<j<(2+2(5)eonii ^ 

< 2^«^-^2-'^«"n2 + 25)eomi(sup ||(7,-x,||L^)2^V2||0i,,,,^JU.||02,i,||L2. 

j 

The result is given by the Cauchy-Schwarz inequality in mi. The argument when max(ji, ^2) 
j2 is similar. 

Case B: < 1- 

From (ITTfl) and the definition of in dSHHI), we also have |/i2| < |6ll^i| ^ 161 l-^il^"^"'" ^ 
1. We consider two subcases. 
Case Bl: M < 

Here we use smoothing effect and the maximal function inequalities. Let's start by 
assuming that |/i2p/|6l ^ 2^'- Then |u;(^2, Ai2)|, k2|, < 2^^ |/i2| < 1. We now set 
^(a*2,'''2) = x{fJ'2,'T2), the characteristic function of the projection of the region of in- 
tegration onto the ^2 — T2 plane. Then 

||m||i4 ~ 2-''2/^ 



We then use Plancherel, Holder with the three spaces L'^^yj- — L'^LyLf — L^LyLf and 
inequalities ^TIT^i and (jT!?T| to bound (ITTTIl with 

miji J2>0 0<i<(2+2<5)eomi 

< ^ 2(^«-^)'"^[l + (2 + 25)eomi](sup ||lO2^'^/'2^'^/1|0i,,„™J|lHI02,,2IU^ 

and if eo < I the lemma is proved also in this case. If |/i2p/|6| >> 2^^, then |ci;(^2, At2)| ~ 
|/^2p/|6|5 k2| ~ 1/^2^/161 and \t2 - uj{^2, 1^2)1 ~ 2-'2. From ()3.27p we have 



(3.29) \fi2ypl < < i6ii6r+"^ieir-"^" < i • leir- 

In this case 

||m||r4 _ 2"'i(^~""'')/^). 

We then use again Plancherel, Holder with the three spaces L'^ y^. — L'^LyL'^ — L^LyL^ and 
inequahties ()2.27p and ()2.3H) to bound the left hand side of fj3.26p with 

Y Yl 2(--i)-||^,x,|U^2^V4||^^^^.^_^j|^,2-(i--o)/^||02,,2lU^ 

mi Ji,J2>0 0<j<(2+25)eomi 

< ^ [1 + (2 + 25)eomi](sup ||^?,x,|U02^^»-^)'"^2-^(^--°)/^)2^V4||^^^^.^^^j|^, ||^^^ 
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and if a > 4, for any eo, the sum with respect to nii can be done and then ()3.13|) is proved 
also in this case. 

Case B2: < |^ < 100|6|. 

Here we use ()2.26p . Let's start by assuming that |/i2p/|^2| < 2-'2. Clearly now \t2\ < 2^^ 
\S\ ^ 1- We use Plancherel, Holder with the three spaces L'^^y^^ — LyLlLf — LyL'^Lf 
and inequalities ()2.2(')j) and (j2.32|) to bound the left hand side of ()H.13|1 with 

J2 [1 + (2 + 25)eomi](sup IU2)2(^"-^)"^2^'i/i0i,,„^JU22^'^/i02,,J|L2 

and if eo < I then (j3.13|) is proved also in this case. Assume now that |/i2p/|^2| >> 2-'^. 
Then by (1!?^ Iral < |;U2|V|6| < so that \\w\\l2 < 2™i(i-"^o)/4_ 

i2''^2 ____ 

Plancherel, Holder with the three spaces L'^^y ^ — LyLlLf — LyL^Lf and inequalities ()2.26p 
and (j2.32p to bound the left hand side of (j3.26|) with 

and if a > 4, then the lemma follows in this case too. 

Region — y45(eo). Also in this case we can assume that < j < (2 + 2(5)eomi, 

2 

and 1^ ~ If" ^ 3/2|^i + ^2p, since in the other situation we didn't use the assumption 
1^2! > 1- Also notice that here too ()3.27|) holds, hence ~ j^. Because we are in 
— y45(eo), to these restrictions we have to add >> which in turn gives 

(3.30) |/i2| « i6r+"^°ie2i. 

We consider two subcases. 

Case A: > 1- 

This case is identical to Case A in region ^44. 

Case B: l^il^+^'l^l < 1- 

By ()3.30p we now have that I/X2I ^ 1- If |Ai2p/|^2| < 2^^ we can use the same arguments 
presented in the first part of Case Bl in region A^, by replacing ()2.27p with ()2.28|) . If 

|/^2p/|^2| >> 2^^, we have that \t2\ ~ |/i2p/|^2| and \t2 — c<j(^2,Ai2)| ~ 2^'^. We estimate 

i/^2ii/i2i/i6i < < mu^n^ii'^"-'' < 1 • ieir+"^" 

and from here on we can proceed like in the second part of Case Bl in region A4, again 
by replacing (ITTTfl with (j^^HD- We then obtain: 

E E (sup||^7,X,ILO2(^"-^^™^2-(i+"-)/^2^-^/^||0i,,^J|^,||0^^^^^ 

miJl,i2>0 0<i<(2+2<5)eomi ^ 

and if (cq — ^) + (1 + aeo)/4 < 0, or eo(l + a/4) < j, we can sum in mi. This is always 
possible for eo < |, with some a > 4. The analysis of this case concludes the proof of the 
lemma. □ 

We are now ready to prove Theorem IHl To make the presentation more clear we 
summarize below the main cases considered in our analysis ^. 



'''Recall that here ^ = Ci + ^2 and ^ = + ^2- 
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Region Ai 

- Case A: |^| 

- Case B: \^\ 

* Case 

* Case 
Region A2 

- Case A: \^\ 

- Case B: \^\ 

* Case 

* Case 
Region A3 U A4 

- Case A: |^| 

* Case 

* Case 

- Case B: |^| 

* Case 

* Case 
Region A^n A51 

- Case A: \^\ 

- Case B: |^| 
Region Aq 

- Case A: |^i 

- Case B 



>IH/iei 

<l\m\ 

Bl: < \j22\ 
B2: |/ii| > |/i2| 



>lH/iei 
< 

Bl: 
B2: 

U {A, - A^ieo)) 

>|H/iei 

Al: 1^1 

<l/2|/i|/|^| 
Bl: 
B2: 

>|H/iei 

<h\f^\m 



l\m\ 

/ill > |/i2| 



- 2 16 
< 1 1^*1 



/il 


< 


At2 


/il 


> 


1/^2 



> 10 



2IM1I 



Case C: 



16 
10 



161 

< IO-2M 

-2 Imi 



16 

2 IMil ^ It 



< 10^1^. 

— 161 



Proof of Theorem\^ We reexpress the left hand side of (jH.ip in Theorem 01 using duahty 
and we obtain and We analyze these expressions on the regions described 

in ()3.7p - ()3.12|) . For the estimates in the regions Ai through A^ we find it convenient 
to normalize the functions u and v so that the expression in the right hand side of the 
bilinear inequality involves only norms. So define 

(3.31) 0iji(^,/i,r) = max(l, 1^1, (6 /i,r), 

(3.32) 02,,,(e,/^,r) = max(l,|e|,|/^l/l^l)'"^1^)|x,.(6/i,r)- 

If we use the identities ji = + ji2 and ^ = 6 + 6, t = ti + T2, (|3.3ip and (|3.32|) . we can 
rewrite the left hand side of ()3.5|) as 

(3.33) EE^"'^' + 



ii J2>0 i>0 m>0 

max(l, 16 + 61)^"^" "';''',l",Ti'' '"^'"^yn:'^:' dC^d^2d^ild^^2dndT2 



^l-eo yi,ii(6,/^l,n) 02,j2(6,/^2, r2) 

max(l, 161,1^)^-^° max(l,|6|,|f|. 
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and the left hand side of ()3.6|) as 

ilj2>0j>0n>0 

max(l, leil, 1^)1-^0 max(l, l^l, f^)^"^" 

Below, case A will alway correspond to the estimate ()3.33|) . while case B will correspond 
to the estimate for ()3.34p . Note that in what follows, xi ^i-nd X2 will always denote the 
functions introduced in Definition 1, and Xj the ones defined in Definition 2. 
Region Ai. 
Case A: |^| > 

Note that here |^i + ^2! < 2 so the sum in m is finite and we can simply use the Strichartz 
inequality ()2.19|) and the fact that C to obtain 

""'^ jun>o 

and the theorem follows in this case. 
Case B: \^\ < 

If III < 1, it follows that |^| < | and hence < |, that is the sum on n in ()3.34|) reduces 
to a finite sum and we proceed as above using the Strichartz inequality p.l9|) . So we can 
assume that Ifl > 1. In this case ()3.34j) reduces to 

(3.35) EE^"'^'/ m2xA^,f^,r)eM\^, + ^2nfii + fi2\'-'° 

il,i2>0 j>0 n>0 "^^1 

(^1) /^i, n) 02j2(6, /^2, 7-2) 

max(l,|ei|,|f^)i--max(l,|e2|,||})^-°' 

We then consider two subcases. 
Case Bl: |yUi| < |/i2|. 

If < |,^2| then |/i2| < 2, + /i2| < 4. Again the sum on n reduces to a finite 

sum and because still |^i + ^2! < 1 we go back to the previous case. If > \^2\ 

we introduce a dyadic decomposition with respect to ^2 and we set |/i2| ~ 2"-^. Then 
1/^1 + 1^2] < C\n2\ < C2"2 and we can write 1 + + 1x2] ~ 2"2+i-''^ < r < We can 
bound ()3.35|) with 

iij2>0 i>0 n2>0 0<r<n2 "^"^1 MftK " 

We now use the fact that |^2| ^2 and again the Strichartz inequality ()2.19|) to continue 
with 

E E E ^-'^l9jX2XA.+l-r\\L-^^'''^'''"^^''^'^^^^^^ 
iiiiii2>0 »i2>0 0<r<n2 
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and this is enough to prove the theorem in this case. 
Case B2: |yUi| > |/i2|. 

This case can be treated hke Case Bl by replacing the role of (^2,A^2) by 
Region A2. 
Case A: \^\ > 
Here flH.HHj) becomes 



2-eo 



(3.36) ^?.XiX,(e,/^,r)M0l6 + 6l 

ii,i2>o i>o m>o "^^2 

max(l, 161, 1^)1-° max(l, |^)^-^° ' 

We dyadically decompose \C,i\ ~ |6| ~ 2"^^. Then 1 + |6 ~ 2*", with m = mi + 1 — r, < 
r < mi and 



ii J2>0 j>0 mi>0 0<r<mi "^^2 

01,jl,mi 02,j2,mi(6,/^2,'r2) 
2mi(l-eo) 2'"i(l~'^o) 

Ji J2>0 j>0 mi>0 0<r<mi "^^2 
16 + 6r°ni=i^20jji,mi(65 /^j, ''"«)• 

We apply Lemma f3. II relative to the region A2 and we continue with 

< supi|^7,xix,^,nlU2 E E 2--(2-2^«)n,=i,2E2^'^1'^M.™JU2 

^'"^ mi>0 0<r<mi ji>0 

< J2 2^-^/22^V2 [ ^ ||01.„,nJU2||02,,,™J|L2 ) 
ii,i2>0 \mi>0 / 



2-eo 



ii,j2>0 \mi>0 / \mi>0 



1 1 

2 / \ 2 



< E2"/^ii</'i.Jii2 E2"/^ii</'^.2iii2, , 

\jl>0 / \j2>0 

which concludes the argument. 
Case B: \^\ < 

If ill < 1 it follows that |6 ^ | and hence < | and we go back to the same estimates 

presented for region Ai. So we can assume > 1. We have to estimate (|3.35|) where 
now the integral takes place in Again we consider two subcases. 
Case Bl: < |/i2|. 

If < 161 then |/i2| < 2|6P, |/^i + /^2| < 4|6P- We dyadically decompose with respect 
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to l^il ~ 161 ~ 2"^^ so that 1 + l/xi + /X2I ~ 2-''+2'^^ < r < 2m2. Then in this case we 
bound (HOij) with 

iij2>0 i>0 m2>0 0<r<2m2 "^^2 

and one can use again Lemma l3.ll in region A2 as above. If > |6l "we introduce a 
dyadic decomposition with respect to fi2 and we set |yU2| ~ 2"^. Then + yU2| < C\fi2\ < 
C2"2 and we can write 1 + + /xsl ~ 2"2+i-'-, < r < n2. We then bound (^0^1 with 



J1J2>0 j>0 n2>0 0<r<n2 



^ E E E E2^''/'/ ^?.X2X,(6/i,r)^„,+,„.2-(--) 

jl,j2>0n2>0 0<r<n2 j>0 "^^2 



^lX202,n2,i2lU2 



X 16 + 6l'Vl,ii (6, /^l, n)X202,i2,n2(6, /^2, rs) 

We use again Lemma f3. II and we continue with 

snp\\g,X2xML^J2 E 2-'-(^--)(5^2^V2||^^_^.j|^ W^2^-^ 

n2>0 0<r<n2 \ii>0 / \i2>0 

and this is enough to prove the theorem in this case. 

Case B2: > 1/^2 1. One can use the same argument presented for Case Bl inverting 

the role of (6;/^i) and (6;/^2)- 

Region A3 U U (Ag - ^(eo)). 

Case A: |M < |^|. 

We consider two subcases. 

Case Al: |6| > ^^j^- dyadically decompose with respect to \^\ ~ |6| ~ 2™i and we 
bound ()3.33p . now integrated over the region A = A3 U U (A5 — yl5(eo)), with 



E E E 2"'/' / ^7.XiX,(6/i,r)^^™,(0l6 + 6 



2-eo 



jl J2>0 j>0 mi>0 



X201,ii,mi N 02 J2 \ 



But in this region ^ |6| ~ 16 + 61; hence we can continue with 
(3.37) E E E 2"'^' / 9jXixA^,f^,r)e^A0\^i + U°Xih,n,m^<l^2„ 



iU2>0 j>0 mi>0 

We then apply Lemma 13.11 and we obtain the desired result 

2 161 



Case A2: |6l < - — 
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We do a dyadic decomposition of 02 in (/^2/^2), so that we write 02 = X]r2>o*^2,r2 = 
Er2>oEi2>o^2,r2,i2' ^heie 1 + |/i2|/|6l ~ 2"^' and 1 + |r2 - u;(^2,/i2)| ~ 2^'. Note that 
161 < C*]!^ < C*]!!, and that if ~ 2'"i, then T'^ ~ 2"^!+^ r < -C . We bound 
with 

E E E E 2"'/' / ^?.XiX.(e,/i,r)^„,(0 

ilJ2>0 i>0 mi>Or>-C 

If I c |2-eo X201,ji,mi / ^ \ 02^7u+rj2_ / p \ 



(3.38) 



^ E E E E 2-/^2-^(--) / g,xixM^i^^r)e^AO 



ii,i2>0 j>0 mi>0 -C<r 

,ji ,mi 02,mi+r J2 



If we use again Lemma f3. II we can continue the chain of inequahties with 
(3.39) 

^M\miXML^ E E 2-'^'-^°^E2''^'llX201,,„™J|L2E2''^'ll<^2,,ni+r,,2llL- 
■^'"■^ mi>0-C<r ji>0 j2>0 

Now Cauchy-Schwarz in mi is enough to obtain Theorem El in this case. 

Case B: |||| > |^|. As we observed in the analysis of region Ai^i = 1,2, without loss of 

generality we can assume that ||| > 1. We consider two subcases. 
Case Bl: < |/i2|. 

We recall that in this region we also have >> |6|. We repeat the argument presented 
in the second part of Case Bl of region A2. 
Case B2: > \fi2\- 

If iJji^ < then we use an argument similar to the one in the first part of Case Bl in 
region A2, where the role of (65/^2) is now played by (6,yUi)- In particular, if |6| ~ 2™^, 
since |/i2|/|6l ^ 161 and |6 + 61 ~ 161) we can bound (|3.35|) with 



E E E 2"'^' / ^?.XsX,(6/i,r)|6 + 6l 



ii,J2>0 j>0 mi>0 

— ^mi(6)01,ii(6, f^l, n)02,j2(6, /^2, ^2)- 



1/^1 + y"2| 



22{l-eo)ni 

But, l/ii + /i2| < 2|/ii| < Igjleil < I6P, SO that 

(1 + l/xi + /i2|) ~ 22-i-^+\ < r < 2mi, 



so we can continue with 



E E E 2 ^jX2Xi(6/^,^)^2mi+l-r(/i) 



jl J2>0mi>0 0<r<2mi 
X 2-^'(l-^«)|6+6r°Xl01,,i,mi02,,2- 
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We then use Lemma ITTl If > |^i|, we dyadically decompose so that |/ii| ~ 
Then + /i2| ~ 2"i+i-^ < r < ni. We bound with 



j>l ni>0 0<"<'-- "^^ 

x|6 + 6l 



j>l ni>0 0<r<ni 

, X201,ni(6,/^l,n) 02(6, /^2,T2) 

M6r 



ni>0 0<r<ni j>l ^ 

, ^ |eooni(l-eo) X201,ni(6,/^l,^l) 02(6,/^2,T2) 

E E E2~'^' /^^■W(6/i,r)0„,+i-.2-''(^-^")|ei + 6r°X20i,^ 



< 

ni>0 0<r<ni j>l 



Now again one uses Lemma fH. II to conclude the argument. 

Region fl A^leo). We summarize the restrictions that occur in this region: for a > 4 

, . 161 < 1, < |^i/6 - /i2/6l < 16 + 61 

^ ■ ^ I6r+"^" < 1^, ff > 100161. 

In this case, A = A* (lA^n A^^eo). 
Case A: \^\ > iM. 

We dyadically decompose with respect to 6 so that |,^| ~ |6l ~ 2"^. We write 

E EE2"'^'/ ^?.xix,(6/i,r)^^(OI6 + 6p-^" 

ii,i2>0 i>0 m>0 "'^ 

(6,/^i,n)7n-n7^ (6,^2,^2). 



Now let's consider the multiplier in the above integral. Using ()3.4Up (with a > 4) we can 
write 

If |2-eo If |l-2eo 
("3 41) -liil < -liil < |A |-a^o(l-2eo) 

Using ()H.4H1 and Strichartz inequality (j2.19|l we can continue the chain of inequalities 
with 

i>0 m>0 iij2>0 

and Cauchy-Schwarz in m is enough to prove the theorem in this case. 
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Case B: \^\ < if. 
From ()H.4()|1 we have that 

(3.42) H-H 

hence |/i2| ~ 161^ << l/^il; hence + fi2\ ~ We dyadically decompose with 

respect to ~ 2"^ We have to estimate 



ilj2>0 j>0 ni>0 

Now let's consider the multipher in this integral. Using ()3.40|) we can write 

provided eo < (a — 1)/q;. Then using Strichartz we can continue the chain of inequality 
with 

^ E2"'^'Ell^^-^-W'IU^ E 2^-^/^||X201,n„,J|L^2^V2||^^_^.J|^,^ 
j>0 ni>0 jlj2>0 

and the theorem is proved also in this case. 

Region A^. Of the whole theorem this is the region in which the estimates are the most 
delicate. We summarize the restrictions on this region: 

,,,,, 161 >i, I6I<10-^°I6I 

^^^^^ g<10-^°max(|^i|,^). 

We observe that the multipliers appearing in (jH.HHj) and ()H.H4|1 can be bounded in the 
following way: 



(3.44) 



|6max(l,|6,lt})'-^° ^ 16 



max(l,|ei|,|^)^--max(l,|6|,|^)^-- ^ max(l, |6' 



16 



CO 



This is obvious when |6 > or when |6 < ||||- and f < 1. In the remaining region 
we estimate the numerator 

i6max(i,i6,|f)'~^" ~ i6n/ii+/i2r-^° 

< i6r°i/iir"^'' + i6n/^2r-^° 

< i6r°i6r-^"(T^)'-^» + i6ri6r-^nT^)'-^° 

161 161 



< I6l((^)^--+max(|ei|,^)^- 
161 161 
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Case A: l^il > lO^jgj. 

Let's show that in this case we also have |,^| > j^. 

-1 1/^1 +f^2\ < (1 _ 10-10)-! M + l/^2| 16 



< 


(1- 


10-1°) 


< 


(1- 


10-1°) 


< 


(1- 


10-1°) 



lei - ^ ' 161 ' VI6I 161 16 

^ io-20|^^|^ < (1 _ io-iO)-i(io-2 + io-2°)|6| 

(io-2 + io-2°)|ei + 6l < 16- 

We have to estimate ()3.33|) and we use again the functions (pij^- We change variables in 
Ti and T2 as in ()3.17|) and we use ()3.44|) to bound ()3.33|) with 

(3.45) Yl 2-^/2 /"xi^,ni^?,(6+ 6, /il + /i2,^l+ Cu(6,/il)+ ^2 + ^(6, /i2)) 

j>0 m>0jij2>0 

Xj{9i +t^(6,Aii) + 6*2 + t^(6,/^2) -t^(6 +6,/^i + Ai2))xi(6,Ati) 

161 

^ — ■ — I I nj=i,20i(6, /^i, ^'i + u;(6, fii))XjA^i)d^idfJ^idTi. 

max(l,|6l,]||)i-^° 

We change variables again and this time we use ()3.2()j) . From ()3.21|1 we deduce that 
|<//i| > C*|6P- We also perform a dyadic decompositions by setting |6| ~ 2™* (hence 
1^1 ~ 2"^^) and |/i2| ~ 2"^. Let = max(n2 — 'rn2,'m2), (here m2,n2 G Z). 
Case Al: j > max(0,m2). 

Denote with H{u, v, w, fi2, Oi, 62) the transformation of 

fC \A (C /3 , (C W //) N</'2(6,/^2,6'2 +C^(6,/^2))Xi2(^2) 

xi(6, /ii)0i(6, /^i, Oi + ^(6, /^i))xii(^i) ,^ ,^ , — 

max(l,|6l,]^)i-^° 

under the change of variables in (j3.20|) . Here we use the fact that ~ 2"^. Then we 
can rewrite ()3.45|) as 

mi>0,m2 n2 Ji ,j2>0 j>max(0,m|) 

I J^|-iiJ(M, f , w, /i2, 6*1, 62)dudvdwdfj,2d9id92 
^ E E E E 2-^/22-2-/^ 

mi>0,m2 "2 ji,j2>0 j>max(0,m2) 

y gj9miXiXj{u,v,w) i^j \J^\^'^H'^{u,v,w, ^2,di,92)d^2^ dudvdwd6id62. 
Now we observe that by Cauchy-Schwarz and the inverse change of variable we have 

'm^XiXjiu.v.w) i^j \Jfj,\^'^H'^{u,v,w, fi2,0i,92)dfi2^ dudvdwd9id92 
< 2--i,,x,^..XilU^2-/lxi0i..™JU^2-/^J^^^ 
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where 4'2,j2,m.2,n2 = 02,j2,m2^n2' inserting this above we can continue with 
(3-46) ^ E E E E 2-/^2-/^ 

mi>0,ni2 n2 ii,i2>0 j>max(0,m2) 

l|yjAjf^»niXi||L2z ||xi</^iji,mi||L2^ max(l 2^2)1-^0 " 

Case Ala: m2 < 0, ^2 — m2 > 0. 

Now 1712 = ^2 — m2 and ()3.46p can be bounded by 

^ ^ ^ ^ 2-jV22"2/22(-n2+m2)(l-eo) 

mi>0,m2<0 7i2>m2 ji,i2>0 j>max(0,m2) 

,j2,m2,n2 II -L2 , 

and if we sum for j > n2 — m2 we can continue our chain of inequahties with 

< E E E 2'"^/22(--+-^)(i--)2^V2||^^^^^^.^^^j|^22^V2||^^^^.^^^^^^j|^2^ 

mi>0 n2>™2,»Ti2<0 Ji,j2>0 

and by Cauchy-Schwarz on n2 and m2 < we obtain 

(3.47) (ra<E E 2^'^/lxi0i,,„n^.lU22^-^/l02,,2lU2 

mi>0 ji,j2>0 

and this proves the theorem in this case. 
Case Alb: m2 < 0, n2 — m2 < 0. 

In this case max(l, 2™2) = i. We repeat the argument above and we bound (j3.33p with 
(3-48) E E E E2-^'/'2-/^ 

mi>0 7i2<ni2<0 ji,j2>0 0<j 

J2,»n.2,"2 11^2 

and one obtains again (j3.47|) after summing in j and using Cauchy-Schwarz first in n2 
and then in m2. 

Case Ale: m2 > 0, n2 — m2 < 0. 
In this case = m2 > 0. We obtain 

(3.49) dnssi) < E E E E E 2-^/22"2/22-™2(i-^°) 

mi>0 n2<m2 0<m2 JU2>0 j>m,2 

J2,m2,n2 II L2 

and summing over j 

^ E E E E 2--/^2-/22--(^--)2^V2||^^^^^^.^_^j|^22^V2||^^^^.^^^^^^j|^2 

mi>0 n2<m2 0<m2 ii ,i2>0 

and by Cauchy-Schwarz in n2 

^ E E E 2--(^--)2^-^/ixi0i,,.n.jU22^-^/l02,,2,™2iU2 

mi>0 0<m2 ii,j2>0 
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and a final Cauchy-Schwarz in m2 concludes the argument. 
Case Aid: m2 > 0, n2 — m2 > 0. 
In tliis case it is easy to see that 

(3.50) 2'^^/22-'"2 < 1. 

Using the same type of estimates presented above, after summing on j > m2 > we 
obtain 

mi>0 n2,m2 iij2>0 

and after using ()3.50p we can continue with 

mi>0 n2,r7i2 Ji J2>0 

If 77,2 — m2 > m2 then 

^ E E E E 2(--+-)(^--)2^V2||^^^^_^.^^^j|^,2^V2||^^_^.^^^^^^j|^,. 

r?ii>0 m2>0 n2>2m,2 Ji,j2>0 

and we conclude by Cauchy-Schwarz first with respect to n2 and then m2, (here we assume 
Co < |). If < ^2 — m2 < m2, we have m2 < ^2 < 2m2, 

^ E E EE 2---(^--)2^-^/lxi0i.„,.JU^2^V2||^^_^.^_^^_^j|^,. 

mi>0 m2<n2<2m2 m2>0 ii,j2>0 

and we proceed as in the previous case. This concludes the analysis of Case Al. 

Case A2: < j < m^. 

Case A2a: m2 > or m2 < and n2 > 0. 

We claim that in this case j < max(ji,j2)- Recall the fundamental identity Then 
combining this with the restrictions of Case A, we conclude that 2^"*i+'^2 < 2™^^0 ji'-J2)_ jf 
j > max(ji, J2), then 2^'"^^+"^^ < 2? and if m2 > this implies that 1?""^ < max{2"'^ ,2''^-"'^), 
a contradiction if one compares this with ()3.43|1 . When m2 < and n2 > 0, then 
n2 — 1712 > and we obtain 2^"^^ < 2"2~^™2 < 22(n2-m2)^ again a contradiction if one 
compares with ()3.43p . If we assume that ji = max(ji, J2), then 2^'"i+™'2 < 2^1^ that is 

~ 2™^ < 2-''i/^~'^2/2_ 

We can then bound ()3.33|) with 

(3-51) ^E E E E 2-^-/^2^-^/^-™^/2|x.^?,Xi^n..Xi0i,.,,n.,2-™2(i-o)^^^ 

mi>0 n2,m2 j<m2 il J2>0 

We use the Strichartz inequality (|2.19|) for Xj9jXi^mi and for 02j2,m2,n2 and Plancherel 
for 0iji.rrM and Holder's inequality to continue the chain of inequalities with 

^ E E E E 2^-^/^''"^/^2--2a-o)||^^^^^^.^_^J|^,2-/^||02.2,™2,n2llL- 
mi>0 ri2,"i2 j<m2 iU2>0 

We now sum over j to get 

mi>0 n2,m,2 ji,j2>0 
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Now assume that 1712 > 0. We split the 7712 sum in ()3.52|) into 77.2 — m2 > m2 and 
122 — 7712 < m2- In the first case (I3.52p becomes 

^ E E E [l + (n2-m2)]2-"^/22-("-™^)(i-o)2^-^/lxi0i,..,n.J|L^2^V2||^^^^.^_^^_^j|^,. 

mi>0 n2>2m,2 ji,J2>0 

We first use Cauchy-Schwarz on n2 and then on m2 to finish. In the second case n2 < 2m2 
and m2 = m2. In this case we go back to ()3.5ip and we sum with respect to n2. Then we 
use Strichartz inequality ()2.19p in the order L'^L'^L'^ (as above) to get 

^ E E E E 2--/22--(i--)2^-^/lxi0i,,i,,nJU^2^V2||^^^^.^_^j|^,. 

mi>0 m2>0 0<j<m2 ji,j2>0 

Summing in j and then using Cauchy-Schwarz in m2 will prove the theorem also in this 
case ^. Assume now that m2 < and 77-2 > 0, hence 7712 = 712 — 777.2 > 0. Then ()3.52j) 
becomes 

E E E E [l+K-m2)]2-™^/^2-("-™=^)(i-«)2^-^/2||Xi0i,,,,„^J|L^2^-^/2||02,,2,^ 

mi>0 n2>0 m2<0 ji,j2>0 

Observe that 

2-m2/2j^^^ _ ^^^2-("2-m2){l-eo) < 2-(l-o")(l-<:o)n22'»2(-|+{l-o-)(l-eo)) 

for some < a << 1 and eo < |. This is enough for Cauchy-Schwarz with respect to n2 
and 7772- 

Case A2b: 7772, 712 < 

In this case |^2|, I/W2I < 1. We bound ()3.33|) with 

(3-53) EE E 2"'^'/ + 

mi>o o<i ii,j2>o >^16I.Im2|<i 



(l6l^Xl01Ji,»ni) 



^^2,^2 



max(l,|6|,|/i2|/|6l)^-^° 



If |yLi2p/|^2| ^ S-'^ then |u;(^2,/^2)| ^ S-'^ and because \t2 — 1^7(^2, /^2)| ~ S-'^ we also have 
1^2 1 < 2^2. We then apply Hdlder's inequalities in the order L^L^L^ - L^L^^ - LlL^L'^ 
combined with ()2.27|) and ()2.29|) to continue the chain of inequalities in ()3.53p with 

< E E E 2-^^'2^^^g,e^,XiXA\L^2^'^'Ui,^^^^^ 

mi>0 0<j ii,j2>0 



^Observe that if j2 ~ niax(ji, ^2) one does the same analysis by applying Strichartz inequality (|2.19|) 
in the order L'^L^L^ . 
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and in this case we are done. Assume now that |/i2p/|^2| >> 2''^- Then \r2\ ~ |Ai2p/|^2| 
and we can rewrite (j3.53j) as follows 



mi>0 0<j ji,j2>0 11/^21 /|?2|J 

m.l>0 0<j ji,j2>0 



l-€0 

CO 



</'2,j2 1 


/^2 


1-eo 




|t2 


1- 





E E E 2-^-/2-l-.74||^^.^^^^^^||^,2^-^/i0i,,^,Xl||LHl02,J|L^ 



mi>0 0<j ii,j2>0 



where in the last step we used again the fact that |yU2| < 1, eo < \i Holder's inequality in 
the order L^LlLf - L^Ll^ - LlL^ L'^ and ^^TT^ and JOHl)- This concludes the analysis 
of Case A. 

Case B: < IQ-'^^-f^- 

Using ()3.43j) one can prove that + /i2|/|^i + 6| > 2|^i + ^2!, that + /i2|/|6 + 61 ~ 
|yUi|/|^i|, and that \fii + fi2\ ~ We dyadically decompose + /X2I ~ ~ 2"^ and 
we write ()3.34p as follows 



0<i iij2>0ni>0 



■max(l,|e2|,|/i2|/|6|)^- 



We dyadically decompose also |6| ~ 2"*^ and |;U2| ~ 2"'^. As in Case A, we define 

= max(n2 — m2,m2) and we analyze two subcases. 
Case Bl: j > max(0,m2). 

We use the change of variable ()3.20|1 . Now | > ~ I'CiP- Then we proceed like in 

Case Al above, where the sum in mi is replaced by a sum in ni. 
Case B2: < j < m^. 

We again consider the two subcases m2 > or m2 < and ^2 > 0, and m2 < and 
n2 < 0. 

Case B2a: m2 > or m2 < and n2 > 0. 
The fundamental identity p.Sj) now gives 



This again forces J < max (ji,j2)- In fact after setting C = (| — 10 ^, if j > max(ji, J2) 

M)2 < ^2°'ax{n2-m2,m2) ^nd SO 0^1? < C maxO^ 

(^)^ ^ (^2'^2-2m2 < (7(^l|2i)2^ which is again a contradiction. Thus (if for example 
32 < Ji) 



and 7712 > 0, then < ,:72°'^^("2-m2,m2) ^nd so < Cmax(|||, |^2|) which is 

a contradiction in this region. If m2 < and n2 > 0, then (^)^|6| < C*2"2-'"2 



Kil <C^7^ < io-22ii/22W2^ 



le 
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and ()3.54|) can be bounded by 

(3-55) E E E2"''^'2^'^^'"'"^^'/wan.^n,01,.,n,X22-'"^(^--V2 

j<m^ ji,j2>0 ni>0 n2,m2 

At this point we argue like in Case A2a by replacing (j3.5H) with (j3.55|) . 
Case B2b: 712, m2 < 0. 

This case can be treated like Case A2b by replacing ()3.53|1 with 
(3-56) EE E 2"'^'/ (lei + 6l^^7.^n,X2X,) 

„.^nn^^ „■ l£2 I , I Ml I <1 



ni>0 0<j jl,j2>0 



(|6hX201,ii,ni; 



^2J2 



max(l,|e2|,|/i2|/|6|)^-^°' 



Case C: IQ-^^ < 161 < lO^M. 

— ' — l?i| 

It is easy to show that in this case I/X1 + /X2I/IC1 + C2I ^ 16 + 61- We dyadically decompose 
with respect to |6| ~ |6 + ^2! ~ S™'^ We go back to ()3.45|) and we consider two subcases: 
when j > mi and when j < mi. 
Case CI: j > mi. 

In this case we use the change of variable ()3.23|) . where now the free variable is 6 instead 
of 6- It is easy to check that also in this case ()3.24|) holds true and in particular | > 
^ We perform a dyadic decomposition in 6; but only for large frequencies, that 
is for |6| > 1- Then ()3.33|) becomes 

E E E2"''/'2-^/xi^?.^-.X,K^,^) 

mi,m2>0 ji,j2>0 i>mi 

u, V, w, 6, 9i, 62)dudvdwdC,2d6id62, 
where H(u, v, w, 6, 6*1, ^2) is the transformation of 

^2,m2(6,/^2,6'2 +a;(6,/i2))X2Xi2 



max(l, 161 



16 



under the above change of variables. We first use Cauchy-Schwarz in {u,v,w) to obtain 
^ E E E 2"''^'2™Mk/^,xiL. 

mi,m2>0 ji,j2>0 j>mi 



I Jgl '^H^{u, V, w, 6) ^1) 02)dudvdw) ^ d^2d9id92 

We now use the lower bound |^^| ^ 2™^, and Cauchy-Schwarz in 6? ^i, 62, to obtain 
< E E E 2"-''/^2™i/^2™2/22Ji/22-'2/2 

mi,m2>0 ji,j2>0 j>mi 

X \\gj(^miXi\\L2 (^J H'^{u,v,w, ^2, Oi, 02)1 J^\^^dudvdwd^2d9id9r 
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which, upon undoing the change of variables yields (since max(l, |^2MAi2|/|C2|) > 2™2) 
< X] X] X] 2"J'/22''»i/22'»2/22ii/22i2/2 

mi,m,2>0 iij2>0 j>m\ 
X ||^7j^miXl||i2||01,,i,miXl|lL2||02,i2,m2lU22-'"^(^-^°). 

Then a sum in j and Cauchy-Schwarz in m2 gives the result. 

Case C2: j < rrii. 

Let's introduce the region 



(3.57) 



R = {10 



-2 



16 



<l6l<io'^}nA 



This is the region where we need to introduce the space 



■eo,eo, 



.. We go back to 



and this time we keep It"! and we only normalize \u\. Then (|3.5p becomes 

(3.58)^ ^ 5^ 2--'/2 /" ;^,e^^(;^.(^,+^2,/Ui+/i2,ei+^(6,/il)+^^2 + ^(6,/"2)) 
mi>0 0<j<mi ji j2>0 ^ 

XiXj(6'i +u;(6,/ii) +6*2 + u;(6,At2) - t^(6 + 6, + Ai2))|6| 

XlXii01,mi (6, /il, 6^1 + Uj{ii, fll))Xj2 1^1 (6, /^2, 02 + t^(6, Ai2))- 

Define Dmi,m2 to be the dyadic block such that ~ 2™%i = 1,2. We observe that 
for fixed (^i, ^2, /"i, 6*1, 6*2), the set of /i2 such that (^1, ^2, /^i, /i2, 6*1, 6*2) e i? fl Dm^^ma and 
such that (|3.18p is true, is a union of two symmetric intervals with length satisfying 
()3.22|1 . Similarly, for fixed (6, /ii, yU2, 6*1, 6*2) the set of ,^1 such that (6, 6, yUi, /i2, ^^2) G 

RnD 

satisfying 
(3.59) 

To prove this it's enough to use the mean value theorem, and estimate from below |5''(6)|, 
where 

\ a I a I 66 ( f /^2 

= + ''=+teT&)( 1 6 -& 

After a short calculation one has 



mi.m2 and such that ()3.18p is true, is a union of two symmetric intervals with length 



I si I 



(6 + 6)^ 



Note that in R 



(6 + 6) 



^-f] -3(6 + 6^^ 

?1 ?2 



6 



3(6 + 6)' 



6(6 + 6) V 6 6 



^-^ +6e 



< C 



I6P VI6 



1/^1 



< cio-^'^i6r. 



On the other hand it's easy to check that ^1 and g^^ll^^g^^ — have the same sign. 



hence 



6 



f f^i ^2 , ^ „^ 



and the claim follows. 
Case C2a: m2 > 
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In this case we use the change of variables ()3.23|) . and by ()3.24p . | > 2™i. We can write 
fHTHHll as 

^ ^ ^ 2"-''/22™i / xiXjgj,mj{u,v,w)\Ji:\^^H{u,v,w,^i,9i,92)dudvdwd^id9id92, 

mi>0 0<j<mi »Ti2,ji,j2>0 

where H{u, v, w, ^1, 9i, 6*2) is the transformation of 
under the above change of variables. We will define 

%,m2(6,/^2,^2) = Xj2(^2 -^(6,^2))?^(6,^2,r2)^m2(6)• 
We can then continue the estimate with 

m,i>0 0<j<mi m2,ji,j2>0 

//^(u, f , w, ,^1, 611, 6'2)| Jgl ^dC,i\ dudvdwd9id92 



< E E 2-^-/22-i/220— 1— 2)/2||^^.^^^^^.^^||^^2^-^/22.2/2 

0<i<"ii m2,mi,ji,j2>0 



''^"12 ,j2 

1. 

+ 92 + uj{^2, fJ'2) + +At2)))' • 



We now use Holder inequality in /i2 and Lemma 12131 More precisely set w{C,,fi) = (1 + 
1*^1 -L |||), then we write, for 9 = {p - 2)/2p, p = 2r, r > 1, 1 = ^ + ^, 



(3.60) 



I '^"12,^2 I 



^ I^Ai2l lrm2j2llL2'- ~ ^ 11^ ^m2j2llL2 ||W C'At2^m2,j2llL2. 

We insert this in the chain of inequalities above and we continue with 

^ E E E E ^-'^'^'"'^'^^'-"'^^'^^^^^^^ 

mi>0 0<j<mi m2>0ji,j2>0 

||w'"{)„2J2(6,/^2,^2 +^(6,/^2))|li2^^"^^|k"'°a^2^^^ 

and after applying Holder's inequality with respect to ^2, 92 with exponents 9^^ and 

^ E E E E 2-^^/22"^l/220-mi-n^2)/22Ji/22J2/220— l)/2r'||^^.^^^^^^^.||^^ 
mi>0 0<j<mi rrt2>0 ji,j2>0 

1 1 Xl 0mi ,ii 1 1 L2 I {)™2 ,j2 1 1 L2"^^ I k ^M2 ^m2 , j2 1 1 L2 . 
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We first sum on < j < mi, then on mi and ji so that the norm i appears. 

After Cauchy-Schwarz in m2 we are left with the following term to estimate 



/ , ^ I 2-^ II"' '^m2j2llL2 11"^ ^P^2^m2,n\\L^ 
j2>0 \m2>0 

We use a Holder inequality with respect to the sum on 1712 to obtain 

\ (i-e)/2 / X e/2 





El 




j2>0 


\m2>0 








IIl2 


j2>0 







\m2>0 



where 



^j2,m2 = Xj2i^ - ^(6, f^2))vi^2, /i2, ^2) 

m2>0 

then a Holder inequality in to finish with 

(3.61) 2^'^/'lk"%2lU2) f E 2^'^/^lk-^°9,,%JU2 

\i2>0 / \i2>0 

Clearly the first coefficient of (|3.6ip is controlled by ||f ||^^ . For the second one we write 

'9m2(%2(6,/^2,^2 +^(6,/^2))) = <9^2(Xi2(^2)^^(6,/^2,^2 +^(6,/^2))) 
= Xi2'9/.2^(6, At2, O2 + UJ{^2, /i2) + 2/X2/6Xi2^r2^'(6, ("2, 6^2 + At2) 

which shows that the second term is controlled by ||f ||y , with 9 = {p — 2)/2p, p = 

2r, r > 1. 

Case C2b: m2 < 

If j — nil < 2m2 we proceed like in Case C2a and we obtain 

^ J2 Yl Yl Y 2--''/'2™^/22(^'-'-l-'-^)/22ii/22J2/22(i-rni)/2r.'||^.^^^^^^.||^^||^^ 

mi>0 m2<0 0<jr<mi+2m,2 ii,j2>0 

Win'^OX'i ■ II ("^"^^ ll'?/i~'^Or) -fi 11^ 
11"^ '^m,2j2llL2 11"^ "^/i2'^»n.2J2llL2. 

We sum on j, and then choose r' < 2 so that we can use the fact that m2 < and 
Cauchy-Schwarz in m2, to finish like in Case C2a. If j — mi > 2m2 we use the change 
of variables ()3.23p . where we leave the variable ^2 free. It is easy to check that we have 
l-'^l ^ 1^1 1- Arguing as in Case C2a we are led to 

^ E E EE 2(™-^-)/^2^-^/^2^V220-™0/2.'2"^2/2||^^.^^^^^^.||^^||^^^^^^^^^ 

mi>0 0<j<mi m2<(j-mi)/2 ji,j2>0 

11"^ ^m2j2llL2 11"^ l^M2^m2j2llL2- 

We first apply Cauchy-Schwarz with respect to m2 and we obtain an extra factor 2^~"^'^'^^^^'^. 
If we now have that | -|- 2^ > |, we can then sum in j, and repeat the argument in Case 
C2a. This is again the restriction r' < 2, which when we go to ()2.33|) gives p = 2r > 4, 
and hence > ^. 
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This concludes the proof of Theorem 01 



□ 



Proof of Theorem^ We first check the part of the statement involving the term dr{dx{uv)) . 
We proceed by writing 

dr(^^ j - ^i,fi- fii,r -Ti)u{^i,fii,Ti)d^idfiidTi^ 

V J\^-(i\<\(i\ / 

+ 9r[^ v{^-^i,fi- fii,T -Ti)u{^i,fIi,Ti)d^ldjJidTi\ 

V "'i€-?il>l?il / 
= ^ v{^-^i,IJ.- IJ.1,T -Ti)drM^ufJ'i,n)d^idfiidTi 

+ ^ drV{i- il.^l- ^ll,T - Ti)u{ii,^l,Ti)diidllidTi. 

J\i~ii\>\ii\ 

Then the estimates for each one of these two terms follows from the proof of Theorem El 
Next we check the part involving d^dx{uv). If we proceed as above, we only need to check 

1^1 f 

H^^f^^^) = I.. I n^n.r. I \v\{^-^i,fJ'-fJ'i,r-Ti)\d^^u\{^i,fii,Ti)d^idfiidTi. 



max(l,|e|,|/i|/|e|)^° ^|?-ai<ia 
We introduce the two functions 

(3.62) <Pi,n{^,f^,r) = max(l, |/x|/|6)-^19^m|x,, (e, /i, r), 

(3.63) 02,i,(e,/i,r) = max(l,|e|,|/i|/|e|)'"^1^)|x,2(e,/i,r). 

corresponding to ()3.3H) and ()3.32j) in Theorem |21 We now observe that in the region 
le - 61 < 161 we also have < 1/^ - /^il/l^ - 61 + 2|^, so 

(3.64) I{^,fi,T)<j' + J^ 
where 

= max(l, lei, if})- / '^^'^■^^^^ '^^max(l, \C - ^ l/^-Vil/K - 61)-^° 



{smr = 16 / 0i,,,(6,/^i,ri) 



■ max(l, le - 61, 1/^ - /^il/le - 61)^-^° ■ 
where is the integral over the region given by — < Also notice that if 



(3.67) P = |6 /0i,,,(6,/ii,ri)- 



max(l,|e-6l,l/i-/ii|/le-6l)^-'^°' 
then 

(3.68) J^ + J^< P. 
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By duality we need to estimate 



(3.69) 5^ $^$^2-^/2 f gji^,f^,T)J\^,fx,T)emiOxii^,f^)Xj{T-coi^,l-imdfxdT 

i=l,2 j>0 m>0 

(3.70) 5^ $^$^2-^/2 f g,{^,fi,T)J\^,fi,T)eMX2{^,f^)Xjir-uj{^,fi))d^dfidT. 

i=l,2 j>0 n>0 

We begin a case by case analysis for ()3.69p and ()3.70p . We introduce again the notation 

H = fi2 and ^ = ^1 + ^2- 

Region Ai. In this region we use ()3.68|) and we bound ()3.69p and ()3.7Up by replacing 
J\i= 1,2 with J2 in mTHf . 
Case A: \^\ > |M. 

We only have to estimate ()3.69p . We observe that |^| < 2 and hence, from ()3.67|) . 

■J^ ^ 0iji(6,/^i,n)02j2(^-6,/^-/^i,^-n)- 

Then if we dyadically decompose for 1 + |^| ~ 2"^, the sum in m is a finite sum and we 
can use Strichartz inequality ()2.19|) . applied to and 02 Plancherel and Holder, 
to prove the theorem in this case. 
Case B: \^\ < iM. 

We have to estimate ()3.7Up . If ||| < 1, it follows that + fi2\ < 2, and we proceed hke 
in Case A. If > 1. We consider two subcases. 
Case Bl: < |/X2|. 

If < 1^2], because |^2| < 1, it follows that \fi2\ < 4 and we go back to the previous 
case. If > 1^2!, we dyadically decompose with respect to fi2- Then 

lei + 61 < 16 + 6l'^1/ii + /i2r-'^° < 2|/ii + fi2\'-''° 

this corresponds to Case Bl of region Ai in the proof of Theorem El In fact we have the 
following bound for ()3.70|) : 



E EE E 2-^/^/ ^7,X2X,(6/^,r)^„,-,i„.2(-+-^)(--o) 



ii)J2>0 j>0 n2>0 0<r<n2 



(\M\l-2eo 
^ 161 ' 

where 02,i2,n2 = ^n2(/^2)02j2- (Note that 0iji,02,j2 are in this defined in ^1^ . 

fl3.63|) . and one concludes like in that case for eo < |. 
Case B2: >> |/i2|. 

Then ~ + /i2|. If < |6|) it follows that + H2\ ~ < 4. So if we set 

1 + l/ii +/U2I ~ 2", then the sum on n is finite and we use the Strichartz inequality ()2.19|) . 

If iJji^ > we dyadically decompose \ni + H2\ ~ l/^il ~ 2"^ Then we use Strichartz 

inequality p.l9|l again. 

Region A2. 

Case A: |6 > i^- 
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This case is similar to the corresponding case in Theorem El If IGI ~ \^2\ ~ 2"^^ and 
+ 61 ~ 2'"^'*"^"'', < r < nil, (and + 61^1 when r = mi), then one can bound 
with 

■^'"^ mi>0 0<r<mi ji>0 

and this proves the estimate for cq < |. 
Case B: \^\ < iM. 

If III < 1; then |,^|, < 4 and we go back to the estimate in region Ai. So we assume 

that III > 1. We consider two subcases. 

Case Bl: < l/ial 

If ||^ < 1^2! we use the fact that 

(3.71) 16 + 61 < 1/v^l/ii + f^2\''< C|^2|^ < C\U 

and we dyadically decompose with respect to ^2- Then if |6| ~ 2*"^, 1 + + /i2| ~ 
2~''2^™'2, < r < 2m2. We proceed now like in the corresponding case for Theorem El 
where we replace eo by 2eo and r by r/2. If ||^ > |6| we dyadically decompose with 
respect to /i2 by setting |/i2| ~ 2"^ Then |/ii +/i2| ~ 2"^"'''*"^, < r < n2 and from ()3.7H) 
also 16 + 61 ^ 2"2/2-r/2+i/2_ reduce our estimate to 

E EE E 2-/^/ ^,X2X,(6/.,r)^.,+i-.2(-^-'^)(--o)/^ 

ilj2>0 i>0 n2>0 0<r<n2 

Mar 



< 



E E E E2'^'/'/ ^7,X2X,(6/i,r)^„,+i-.2-(^--o)/^ 



iij2>0ri2>0 0<r<n2 i>0 



16 



|l-2eo 



X|6 +61 'Vl,ji(6,/^l,n)| |(i_2co)/2 ^202,i2.«2(6,^2,T2) 

I I 

We use again Lemma IXD and, in view of the fact that here 1 6 P/ 1/^2 1 < |, we continue 
with 

SUP||^/,X2XAIU^E E 2-'(l-^^°)/M 5^2^V2||^^^^.J|^, j (Y.'^''^'\\X2<p2,n,,j,\\LX 
n2>0 0<r<n2 \ii>0 / \j2>0 / 

and we sum in r. This is enough to prove the estimate as long as eo < |. 
Case B2: >> |/i2|. 
If III} < 161, then 

16 + 61 < 1/v^l/ii + /i2|^ < < C|6|, 

replaces flH.Tlj) and we can repeat the argument given in the first part of Case Bl. If 
I III > 161, since |yUi + /i2| ~ l/^il, we dyadically decompose with respect to ~ 2"'^ 
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Because |^i + ^2! ^ 1^2 1, we reduce our estimate to 
(3.72) 



il J2>0 i>0 ni>0 



and at this point we can proceed by using Lemma 13.11 

Region As U U (A5 - ^(Seo))- 

Case A: \\f < \^\. 

We consider two subcases. 

Case Al: 1^1 > |||}. 

We dyadically decompose with respect to |^| ~ ~ 2"*^ Because in this region > 
1^1 1 ~ 1^1 + ^2!, we reduce our estimate to ()3.37j) of the corresponding case in the proof of 
Theorem El where eo is replaced by 2eo. 
Case A2: l^il < ||||. 

We use again a dyadic decomposition with respect to ^1. Observe that (|^2| <<)|^i| < 
^iSf - ^^^^^ ifl ~ 2'"i+^r > -C2. We then reduce our estimate to (jSSHl), again 
replacing eo with 2eo. 

Case B: |||| > |,^|. As we observed in the analysis of region Ai,i = 1,2, without loss of 
generality we can assume that > 1- We consider two subcases. 
Case Bl: < |/i2|. 

We recall that in this region we also have » |^2| and we repeat the argument 
presented in the second part of Case Bl of region A2. 
Case B2: » \n2\. 

If < 1 then we use an argument similar to the one used in the first part of Case 

Bl in region A2, where the role of (^2,1^2) is now played by If > |^i|, we 

dyadically decompose so that + /i2| ~ ~ 2"^ Then because |^i + ^2| ~ |^i| ^ j^, 
we obtain the estimate ()3.72p and also this case is done. 
Region ^5 fl A^{2eo). In this case we cannot use Lemma f3. 11 
Case A: \^\ > i^. 

We observe that if ^ eo < (a — 1)/2q;, then (1 + a;2eo)(l — 2eo) > 1 and 

(3.73) (H)i-2^o>|^^|i+5^|^^ + ^^|i+5^ 

lul 

for some S such that < 6 « 1. We dyadically decompose so that ~ |^i + ^2! ~ 2™'i 
and using ()3.73j) we reduce the estimate to 

E E E 2"^^^ / ^i^lXi(^,/^,^)^mi2"'"^'^Xl01ji,mi(6,/^l,n)02,j2(6,/^2,r2), 
iiJ2>0 j>0 mi>0 

and Strichartz inequality ()2.19j) and Cauchy-Schwarz can be used to finish the proof also 

in this case. 

Case B: \^\ < |M. 



'^Based on the proof of Lemma r3.1l we assume that a > 4 and 2eo < i. 
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Notice that from ()H.42|1 |/i2| ~ l'^2|]|^ << hence |/ii + /i2| ~ We dyadically 

decompose with respect to ~ 2"^ Using ()H.73j) we obtain the estimate 



l-2eo 



il J2>0 jr>0 ni>0 



XX201,niji(^l, /il, ^i)7^|t7I^(^2, /i2, Ts). 

Iw) '''' 



Then Strichartz inequahty p.l9j) is enough to conclude the proof also in this case. 
Region A^. As we did for the proof of Theorem IHl also in this case we consider three 
subcases: Case A: > 10'^\^] Case B: < 10-2||| and Case C: lO-'^j^ < |^i| < 

10^ ll^. Since in the proof of Theorem El we used ()3.44|) in cases A and B, we can treat 
these cases in the same way, with the understanding that now eo is replaced by 2eo- For 
Case C we go back to ()H.fj5j) and (jH.fi^j) and we show that in this region 

(3.74) < J'. 

If one assumes this for a moment, then it is easy to see that we can repeat exactly the 
argument we gave for Case C in the proof of Theorem El To prove ()3.74|) it's enough to 
show that 

max(|^|, > max(l, |^2|, j^)- 

To simplify the notation we set max(|^|, j^) = M and max(l, |^2|, j^) = M2. Assume that 
M = If M2 = 1, then M2 = 1 < lel = M. If M2 = 161, then M ~ |6| » 1^1 = M2 
and also this case is done. If M2 = |g|, then M = |^| ~ |6| ~ » |g| = M2. Now 

assume that M = |||. If M2 = 1, then M2 = 1 < |^| < || = M. If M2 = then 
M2 « 161 ~ l-^l < jfl = M2 and also this case is done. Finally If M2 = |||, then 
M2«|^~|6l~l^l<J} = M. 

The proof of Theorem |3] is now complete. 

□ 

We conclude this section with a counterexample that shows that if e < | in Theorem 
jSJ then the theorem does not hold. This counterexample is important because, as we will 
discuss below in Remark 14. ![ if we could have taken e < |, then we could have removed 
the smallness assumption in the initial data and at the same time we would have obtained 
a global result in the modified energy space E n P. 

Proposition 7. The bilinear estimate 



(3.75) \\d^{uv)\\x^ 1 < C'lkllx^idl^^lU^i +||^^|lx\ll^liy, „i; 

1.2 1.2 1,7 1,0, i 

fails for e < | • 
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Proof. The proof of the proposition is based on the example of Mohnet, Saut and Tzvetkov 
from 1211 1221 ■ introduce the sets: 

El = : ^ G [^a,a], /i G [-6a^,6a^], |r-^(^,/i)| < 1} 

E2 = {{^,fi,T):^e[N,N + a], fie [VSN^ VSN^ + a% \t - uj{^, < 1}. 

where again uj{^, /^) = + We observe that d^uj{^, /i) = 3^^ — and 9^co'(^, /i) = y • 

The reason for the in the definition of E2 may be seen by calculating d^to inside E2. 
The 0{N'^) terms cancel and the next biggest term is 0{Na). In the region E2, the 
dispersive surface has slope 0{Na) along the ^ direction and slope 0{N) along /i. An 
a X a"^ piece of the tangent plane to the dispersive surface in E2 stays within Na"^ of the 
surface. Therefore, we select a ~ N~2 so that E2 is a 0(1) vertical thickening of this 
piece of tangent plane. These calculations then "explain" the choice of the a, o? scaling 
in the ^ and \i directions. Note that E^ is essentially an a x x 1 box. 

Let u = a~2XEi, v = N~^a~^XE2^ where the functions xe^ are smoothed out charac- 
teristic functions. 

We calculate 

We have 

Xsi * Xsal^,/^,^) ~ sup \trans{Ei) nEs] XE^+E^ii, IJ^.t), 

trans 

where trans denotes an arbitrary translation in the {C,,fi,T) space. Geometric considera- 
tions similar to those discussed above show that Ei + E2 contains an a x x Na"^ box 
containing the point (A^ -|- a, \/3iV^ -|- a^,4iV^). This point is at vertical distance 0(1) 
from the dispersive surface. Since E2 has slope Na along ^ and slope N along /i, we 
observe that the sup above is bounded by {Na)~^ x A^~^ x 1. Combining these remarks 
gives, 

la^l ~ N a-^N-^ N~^a-^XE,+E2 ~ a-^N'^XE^+E^- 
Therefore, we have 

\\d^iuv)\\x 1 > a-^N-"^ N{Na^)-^ \Ei + ^2!^ > a'^N'^-^^ {a^N)'^. 
The choice of a = yields 

as the size of the left-side of (I3.75|) . 

We now consider the right-side of (j3.75p . The functions u, v are normalized to have 
size 0(1) in the various X^ ^-norms. The Yj^ q 1 -norm has two pieces. The term arising 
from drU essentially reproduces u since Ei is of size 0(1) along the r direction. The other 
term involves Since Ei has size along /i, we have that \d^XE2\ ~ ct~^X-B2 so this 
part of the q i-norm is of size 0(a^^) = 0{N). Upon taking this to the power e and 

comparing with the size of the left-side, Ni, we see the failure of ()3.75|) when e < j. 

□ 
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4. Proof of Theorem [T] and Theorem [2] 

We start with the proof of Theorem El because Theorem ^ is a corollary of Theorem El 
The proof uses a classical fixed point theorem (see for example |Ij6j). We will first carry 
out the proof when T = ^ 

Proof of Theorem\^ We start by transforming p.lll into the integral equation 
(4.1) u = ^{t)S{t)uo-iP{t) [ S{t-t')d^{u^){t')dt'. 







(Here we have fixed (3=1.) Then it is clear that a solution for ()4.H) is a fixed point for 
the operator 

(4.2) L{v) = mS{t)uo - m f S{t - t')d^{v^){t')dt' 



JO 

To simplify the notation we set = i fl Y^_^^ _^^ i. Then, for fixed a > 0, we 

assume that ||mo||^i,2 „pi,2 < a and we set a = ACWuoW^T-a ppi,2 , where C is the constant 

in ()2.2p and ()2.3p . We show that, if Ba is the ball centered at the origin and radius a in 
then 

(4.3) L:Ba^ Ba, 

(4.4) \\L{u-v)\\z,_,^^ < ^\\u-v\\z,_,^ 

and this is enough to finish the proof of the theorem. To prove (|4.3|) we use (j2.2|) . (|2.3|) . 
fIZTTll and (ETT^ to show that 

\\m\\z.-.,<j + c,{\mv')\\x^^ . + \mv')\\Y^^ ^ j 

and if we continue with Theorems El and 01 we obtain 

(4.5) ||L(t;)|U < 



a 



|2 , |U,||_. |U,||_. I 

hence ()4.3|) follows with our choice of a, for small a. □ 

We finish this section with a remark that should convince the reader that in a sense the 
fixed point method used above is performed in a critical regime. This criticality appears in 
an unusual way. This remark also shows how to obtain the case of general T in Theorem 
El from the case T = |. One simply chooses T = A^/2 below, A large, and then the norm 
small depending also on A. 

Remark 4.1. If u{x,y,t) is a solution of the IVP ()1.1|) . then 
(4.6) uxix, y, t) = \'^u{\x, A^y, XH) 

is a solution for the IVP p.ll) with initial data Uxfl{x,y) = X^Uq^Xx, X'^y). Following the 
directions in the literature we define the critical Sobolev indices for the KP equation as 
the couple of real numbers (sj, si) such that the homogeneous Sobolev norm 

\\uxfl{x,y)\\.,i.4 ~ C, 
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where C is independent of A. With a simple calculation we obtain 

(4.7) sl + 2sl = ~. 

While for the KP-II equation one can get a well-posedness theory for Sobolev spaces with 
indices satisfying a relationship pretty close to ()4.7|) (see |2ZI), for the KP-I, due to the 
observations made in the introduction, we do not really expect to be able to reach near the 
critical indices in ()4.7j) . The type of criticality that occurs in our case can be summarized 
in the following lemma: 

Lemma 4.1. In u\ is defined as in ()4.6|) . < A < 1, then for any s > 1, 

(4.8) ||%,AirBTill%,A||p2,i < Al-^^ 

The proof of the lemma follows from simple changes of variables. 

Observe that we can consider e = | to be a critical exponent in this case. In fact, if we 
could take e < ^ in Theorems El and El then we could use ()4.8|) to remove the smallness 
assumption needed in the contraction argument presented for the proof of Theorem |21 
But, like the counterexample in Proposition [71 shows, this is not possible. 

We are now ready to sketch the proof of Theorem ^ 

Proof of TheoremUl Let's fix an interval of time [— T, T] and a small e > 0(e < ^). In 
light of Remark 1 1.31 we have that, if Mq G EdP, and HwolUnP < ^i, then uq G BI'^^CiPI"^ , 
and we can choose 6i = 5i(e) so that ||mo||^2.i p|p2.i < 6 where 6 is chosen as in Theorem 
121 depending upon e,6i. We can thus apply Theorem El to obtain a unique solution 
u G = -^i_e,i n y^_^ _^ 1. Now, by continuity with respect to the initial data, if Uq is 
a smooth sequence that approximates uo in Bs^ G E (1 P, which also approximates it in 
n p1'^, then the associated sequence of solutions Uk is smooth, and it approximates 
u in C([— T, T]; BI'}^ fl P1'^). On the other hand, by Remark 

ll'^fcllipy j,,{£;nP) — ^(^' ll'^olUnp)' 

uniformly with respect to k. Thus, Uk has a weak limit in L'^rpj,-^[E fl P) that must 
coincide with u for almost every t. Then, 

and this concludes the proof. □ 
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